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TORIC SPACES AND FACE ENUMERATION ON SIMPLICIAL
MANIFOLDS
FEIFEI FAN
Abstract. In this paper, we study the well-know g-conjecture for rational ho-
mology spheres in a topological way. To do this, we construct a class of topologi-
cal spaces with torus actions, which can be viewed as topological generalizations
of toric varieties. Along this way we prove that after doing stellar subdivision
operations at some middle dimensional faces of an arbitrary rational homology
sphere, the g-conjecture is valid. Furthermore, we give topological proofs of sev-
eral fundamental algebraic results about Buchsbaum complexes and simplicial
manifolds. In this process, we also get a few interesting results in toric topology.
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1. Introduction
Our motivating problem is the following celebrated g-conjecture in algebraic
combinatorics, which was first proposed by McMullen for characterizing the face
numbers of simplicial polytopes [20]. See the great survey article [33] about this
conjecture by Swartz.
Conjecture 1 (g-conjecture). The g-vector of a rational homology sphere is a
M-vector.
To understand this conjecture, let us recall some notions.
For a (d− 1)-dimensional simplicial complex ∆, the f -vector of ∆ is
(f0, f1, . . . , fd−1),
where fi is the number of the i-dimensional faces of ∆. Sometimes it is convenient
to set f−1 = 1 corresponding to the empty set. The h-vector of ∆ is the integer
vector (h0, h1, . . . , hd) defined from the equation
h0t
d + · · ·+ hd−1t+ hd = f−1(t− 1)
d + f0(t− 1)
d−1 + · · ·+ fd−1.
The g-vector (g0, . . . , g⌊d/2⌋) is defined to be g0 = 1, gi = hi−hi−1 for 1 6 i 6 ⌊d/2⌋.
In order to define M-vectors we first introduce the pseudopowers. For any two
positive integers a and i there is a unique way to write
a =
(
ai
i
)
+
(
ai−1
i− 1
)
+ · · ·+
(
aj
j
)
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with ai > ai−1 > · · · > aj > j > 1. Define the ith pseudopower of a as
a〈i〉 =
(
ai + 1
i+ 1
)
+
(
ai−1 + 1
i
)
+ · · ·+
(
aj + 1
j + 1
)
.
For convenience we define 0〈i〉 = 0 for all i. A sequence of integers (k0, k1, k2, . . . )
satisfies k0 = 1 and 0 6 ki+1 6 k
〈i〉
i for i > 1 is called an M-sequence. Finite M-
sequences are M-vectors. Its name comes from the following fundamental result
of Macaulay.
Theorem 2 (Macaulay [19], see [7, §4.2]). A sequence of integers (k0, k1, k2, . . . )
is a M-sequence if and only if there exists a connected commutative graded algebra
A = A0 ⊕ A1 ⊕ A2 ⊕ · · · over a field k such that A is generated by its degree-one
elements and dimkAi = ki for i > 0.
In 1980, by using results from algebraic geometry, Stanley gave a beautiful
proof of Conjecture 1 for the case where ∆ is a polytopal sphere, i.e. the boundary
complex of a simplicial polytope. Later, McMullen gave another proof of the same
result without using algebraic geometry.
Let Θ = (θ1, . . . , θd) be a l.s.o.p. (linear system of parameters) of the face ring
Q[∆] of a (d−1)-compelx ∆ (see §2.2 for the definitions). Stanley first noticed that
when ∆ is Cohen-Macaulay (a class of simplicial complexes including simplicial
spheres), the Hilbert function of Q[∆]/Θ is equal to the h-vector of ∆. So in the
case of polytopal spheres, Conjecture 1 is an immediate consequence of Theorem
2 and the following theorem.
Theorem 3 (Stanley [31], McMullen [21, 22]). If ∆ is the boundary of a simplicial
d-polytope, then for a certain l.s.o.p. Θ of Q[∆], there exists a linear form ω ∈
Q[∆] such that the multiplication map
·ωd−2i : (Q[∆]/Θ)i → (Q[∆]/Θ)d−i
is an isomorphism for all i 6 d/2.
Stanley’s proof of the above theorem used deep results from algebraic geometry,
in particular, the hard Lefschetz theorem for projective toric varieties. McMullen’s
proof builds upon the notion of the polytope algebra, which may be thought of as
a combinatorial model for the cohomology algebras of toric varieties.
Let ∆ be a rational homology (d − 1)-sphere. Then it satisfies the Dehn-
Sommerville relations, i.e., hi(∆) = hd−i(∆) [18]. We say ∆ has Lefschetz property
if there exists an l.s.o.p. Θ for Q[∆] and a linear form ω satisfying the condition
in Theorem 3. Apparently, the g-conjecture can be deduced from the following
algebraic conjecture.
Conjecture 4 (algebraic g-conjecture). Every rational homology sphere has Lef-
shetz property.
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Recently, Adiprasito [1] announced a proof of conjecture 4, but his paper is too
technical and difficult. Still, the first three sections of his paper are inspiring and
readable.
A natural question, in the spirit of Stanley’s topological proof of Theorem 3, is
What is the topological spaces behind the g-conjecture for general simplicial
spheres (or even rational homology spheres)?
In this paper, we answer this question by constructing a class of topological
spaces with torus actions, as a generalization of toric varieties. It turns out that
some algebraic properties of face rings can be explained by the topological proper-
ties of these toric spaces, such as the Dehn-Sommerville relations just correspond
to the Poincare´ duality of rational toric manifolds as we will show in §3.
We can deduce many interesting results from the well-behaved local topology of
these toric spaces. For example, in §4 we prove that after doing stellar subdivision
operations at some middle dimensional faces of an arbitrary rational homology
sphere, the g-conjecture is valid (Corollary 4.9).
Another important research object in algebraic combinatorics is the class of
Buchsbaum complexes, which includes homology manifolds. In §5, we calculate
the rational cohomology of toric spaces associated to a Buchsbaum complex ∆,
especially when ∆ is a rational homology manifold. This gives topological exposi-
tions for several fundamental algebraic results about Buchsbaum complexes (e.g.
Proposition 5.8 and Theorem 5.9).
Our topological construction is inspired by Davis-Januszkiewicz’s [13] construc-
tion of toric manifolds over simple polytopes. Their pioneering work [13] is the
beginning of a very recent field called toric topology. §2.4-2.8 are short introduc-
tions to the main two research objects in toric topology: moment-angle complexes
and toric spaces by D-J construction.
2. Preliminaries
2.1. Notations and conventions. For an abstract simplicial complex ∆, let
Fi(∆) be the set of i-dimensional faces (simplices) of ∆. For convenience, we
set F−1 = {∅}. Unless otherwise stated, we assume ∆ has m vertices and identify
F0(∆) with [m] = {1, . . . , m}. By ∆
m−1 we denote the simplex consisting of all
subsets of [m], and by ∂∆m−1 the boundary complex of ∆m−1.
For a subset J ⊂ [m], the full subcomplex ∆J ⊂ ∆ is defined to be
∆J = {σ ∈ ∆ : σ ⊂ J}.
A subset I ⊂ [m] is a missing face of ∆ if I 6∈ ∆ but J ∈ ∆ for all proper subsets
J ⊂ I.
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The link and the star of a face σ ∈ ∆ are the subcomplexes
lkσ∆ ={τ ∈ ∆ : τ ∪ σ ∈ ∆, τ ∩ σ = ∅};
stσ∆ ={τ ∈ ∆ : τ ∪ σ ∈ ∆}.
The join of two simplicial complexes ∆ and ∆′, where the vertex set F0(∆) is
disjoint from F0(∆
′) , is the simplicial complex
∆ ∗∆′ = {σ ∪ σ′ : σ ∈ ∆, σ′ ∈ ∆′}.
In particular, if ∆′ = ∆0 is a point, we say that ∆ ∗∆′ is the cone over ∆, simply
denoted C∆.
Let σ ∈ ∆ be a nonempty face of ∆. The stellar subdivision ssσ∆ of ∆ at σ is
obtained by replacing the star of σ by the cone over its boundary:
ssσ∆ = (∆ \ stσ∆) ∪
(
C(∂σ ∗ lkσ∆)
)
.
If dim σ = 0 then ssσ∆ = ∆. Otherwise the complex ssσ∆ acquires an additional
vertex (the vertex of the cone). In this case, denote by vσ this new vertex.
If k is a field, the reduced Betti numbers of ∆ are β˜i(∆;k) := dimk H˜i(∆;k).
A simplicial complex ∆ is called a triangulated manifold (or simplicial manifold)
if the geometric realization |∆| is a topological manifold. More generally, a d-
dimensional simplicial complex ∆ is a k-homology manifold (k is a field) if
H∗(|∆|, |∆| − x;k) = H˜∗(S
d;k) for all x ∈ |∆|,
or equivalently,
H∗(lkσ∆;k) = H∗(S
d−|σ|;k) for all ∅ 6= σ ∈ ∆.
Especially, when k = Q, it is also referred to as a rational homology manifold, and
when k = Z, it is simply called a homology manifold. The notions for manifold,
such as orientable, closed, with boundary, etc., are similarly defined for k-homology
manifold. For example, A pair (∆, ∂∆) of simplicial complexes is a k-homology
d-manifold with boundary if the following conditions hold:
• ∆− ∂∆ is a k-homology d-manifold,
• ∂∆ is a k-homology (d− 1)-manifold, and
• for each x ∈ |∂∆|, the homology groups H∗(|∆|, |∆| − x;k) all vanish.
∆ is a k-homology d-sphere if it is a k-homology d-manifold with the same k-
homology as Sd. Similarly, when k = Q, it is also called a rational homology
sphere, and for k = Z, a homology sphere. (Remark: Usually, the terminology
“homology sphere” means a manifold having the homology of a sphere. Here we
take it in a more relaxed sense than its usual meaning.) The k-homology ball is
defined similarly.
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2.2. Face rings and l.s.o.p. For a commutative ring k with unit, let k[x1, . . . , xm]
be the polynomial algebra with one generator for each vertex in ∆. We make it a
graded algebra by setting deg xi = 2. (This even grading is unusual for algebraists.
The reason why we set deg xi = 2 rather than 1 is to make it agree with the grading
of the cohomology of some toric spaces we constructed below.)
The Stanley-Reisner ideal of ∆ is
I∆ := (xi1xi2 · · ·xik : {i1, i2, . . . , ik} 6∈ ∆).
The Stanley-Reisner ring (or face ring) of ∆ is the quotient
k[∆] := k[x1, . . . , xm]/I∆.
Since I∆ is a monomial ideal, the quotient ring k[∆] is graded by degree.
For a face σ = {x1, . . . , ik} ∈ Fk−1(∆), denote by xσ = xi1 · · ·xik ∈ Q[∆] the
face monomial corresponding to σ.
Assuming k is a field, a set Θ = {θ1, . . . , θd} consisting of d = dim∆ + 1 linear
forms in k[∆] is called a linear system of parameters (l.s.o.p. for short), if k[∆]/Θ
is finite-dimensional as a vector space over k; here Θ := (θ1, . . . , θd) also denotes
the ideal that the l.s.o.p generates. It can be shown that a linear sequence θ1, . . . , θd
is an l.s.o.p if and only if the restriction Θσ = rσ(Θ) to each face σ ∈ ∆ generates
the polynomial algebra k[xi : i ∈ σ]; here rσ : k[∆] → k[xi : i ∈ σ] is the
projection homomorphism (see [7, Theorem 5.1.16]). For the case that k = Z, a
linear sequence θ1, . . . , θd is referred to as an integral l.s.o.p if its reduction modulo
p is an l.s.o.p. for Zp[∆] for any prime p. Equivalently, θ1, . . . , θd is an integral
l.s.o.p. if and only if the restriction Θσ = rσ(Θ) to each simplex σ ∈ ∆ generates
the polynomial algebra Z[xi : i ∈ σ].
Remark 2.1. If k is an infinite field, then there always exists an l.s.o.p for k[∆] by
Noether normalization lemma, but if k is a finite field (or k = Z) then an l.s.o.p.
for k[∆] (or an integral l.s.o.p. for Z[∆]) may fail to exist (cf. [10, Example 3.3.4]).
2.3. Algebraic properties of face rings. In this subsection we review some ba-
sic combinatorial and algebraic concepts used in the rest of our paper. Throughout
this subsection, k is an infinite field of arbitrary characteristic.
Let ∆ be a simplicial complex of dimension d−1. The face ring k[∆] is a Cohen-
Macaulay ring if for any l.s.o.p Θ = {θ1, . . . , θd}, k[∆]/Θ is a free k[θ1, · · · , θd]
module. In this case, ∆ is called a Cohen-Macaulay complex over k.
Let A be a connected commutative graded k-algebra. The socle of A is the ideal
Soc(A) = {x ∈ A : A+ · x = 0}.
The face ring k[∆] is a Gorenstein ring if it is Cohen-Macaulay and for any l.s.o.p
Θ = {θ1, . . . , θd}, dimk Soc(k[∆]/Θ) = 1. In other words, k[∆] is a Poincare´ duality
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k-algebra. We call ∆ Gorenstein over k if its face ring k[∆] is a Gorenstein ring.
Further, ∆ is called Gorenstein* if k[∆] is Gorenstein and ∆ is not a cone, i.e.,
∆ 6= ∆0 ∗∆′.
The face ring k[∆] is said to be Buchsbaum if for every l.s.o.p {θ1, . . . , θd} and
all 1 6 i 6 d,
{x ∈ k[∆]/(θ1, . . . , θi−1) : xθi = 0} = Soc(k[∆]/(θ1, . . . , θi−1)).
Similarly, ∆ is called Buchsbaum over k in this case.
All these algebraic properties of face rings have combinatorial-topological char-
acterisations as follows.
Theorem 2.2. Let ∆ be a simplicial complex. Then
(a) (Reisner [29]) ∆ is Cohen-Macaulay (over k) if and only if for all faces σ ∈ ∆
(including σ = ∅) and i < dim lkσ∆, we have H˜i(lkσ∆;k) = 0.
(b) (Stanley [32, Theorem II.5.1]) ∆ is Gorenstein* (over k) if and only if it is a
k-homology sphere.
(c) (Schenzel [30]) ∆ is Buchsbaum (over k) if and only if it is pure and the link
of each nonempty face is Cohen-Macaulay (over k).
Hence, every simplicial complex whose geometric realization is a k-homology
manifold is Buchsbaum over k.
If ∆ is Cohen-Macaulay, the following result of Stanley shows that the h-vector
of ∆ has a pure algebraic description.
Theorem 2.3 (Stanley). Let ∆ be a (d−1)-dimensional Cohen-Macaulay complex
and let Θ = {θ1, . . . , θd} be an l.s.o.p. for k[∆]. Then
dimk(k[∆]/Θ)2i = hi(∆), for all 0 6 i 6 d.
A generalization of Theorem 2.3 for Buchsbaum complexes was found by Schen-
zel [30].
Theorem 2.4 (Schenzel [30]). Let ∆ be a (d−1)-dimensional Buchsbaum complex
and let Θ = {θ1, . . . , θd} be an l.s.o.p. for k[∆]. Then for all 0 6 j 6 d,
dimk(k[∆]/Θ)2j = hj(∆)−
(
d
j
) j−1∑
i=1
(−1)iβ˜j−i−1(∆;k).
In §5.2, we give a topological exposition of this formula in characteristic zero.
Definition 2.5. Let ∆ be a simplicial complex of dimension d − 1. We say that
∆ has the weak Lefschetz property over k (WLP for short) if there is an l.s.o.p.
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{θ1, . . . , θd} for k[∆] and a linear form ω such that the multiplication maps
·ω : (k[∆]/Θ)2i → (k[∆]/Θ)2i+2
have full rank for all i < d, i.e. either injective or surjective. Such a linear form ω
is called a weak Lefschetz element (WLE).
The WLP is closely related to the g-conjecture because of the following well
known result (cf. [33]).
Proposition 2.6. Let ∆ be a k-homology (d−1)-sphere. If ∆ has the WLE over k
then ∆ satisfies the g-conjecture; A linear form ω is a WLE if and only if the mul-
tiplication map (k[∆]/Θ)2⌊d/2⌋
·ω
−→ (k[∆]/Θ)2⌊d/2⌋+2 is surjective, or equivalently,
the map (k[∆]/Θ)2⌈d/2⌉−2
·ω
−→ (k[∆]/Θ)2⌈d/2⌉ is injective.
We define a set of pairs W(∆) ⊂ kf0 ⊕ kdf0 to be
W(∆) = {(ω,Θ) : Θ is an l.s.o.p. for k[∆] and ω is a WLE }.
It is not hard to see that W(∆) is a Zariski open set. So if W(∆) 6= ∅, it is open
dense in kf0 ⊕ kdf0 . We will loosely use the term ‘generic choice’ of Θ or ω to
mean that these elements are chosen from a non-empty Zariski open set, to be
understood from the context.
If k is an infinite field and ω is a WEL for k[∆]/Θ, then the generic linear
combination of ω and some other arbitrary one-forms ω1, . . . , ωk is also a WLE.
This can be seen from the following elementary result in linear algebra theory.
Lemma 2.7. Suppose we are given r× s matrices (r 6 s) A1, . . . , Aj with entries
in an infinite field k, and one of these matrices has rank r. Let Bb1,...,bj =
∑j
i=1 biAi
(bi ∈ k) be a linear combination of Ai, . . . , Aj. Then the set
X = {(b1, . . . , bj) ∈ k
j : rankBb1,...,bj = r}
is a nonempty Zariski open subset in kj.
Proof. Without loss of generality, we may assume Ai, . . . , Ak are square r × r
matrices, and |A1| 6= 0. Viewing bi as variables, then it is easily verified that the
determinant |Bb1,...,bk | is a nonzero homogeneous polynomial f(b1, . . . , bk) of degree
r. The statement of this lemma follows immediately since k is infinite. 
2.4. Moment-angle complexes and manifolds. The moment-angle complexes
first appeared in work of Davis and Januszkiewicz [13] and further studied in detail
and named by Buchstaber and Panov [8]. They play a key role in the emerging
field of toric topology, which has many connections with algebraic geometry, com-
mutative algebra and combinatorics, etc.
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Let ∆ be a simplicial complex, and let (D2, S1) denote the pair of a disk and its
boundary circle. For each simplex σ = {i1, . . . , ik} ∈ ∆, set
Bσ = {(z1, . . . , zm) ∈ (D
2)m : zi ∈ S
1 when i 6∈ σ}.
The moment-angle complex associated to ∆ is defined as
Z∆ :=
⋃
σ∈∆
Bσ ⊂ (D
2)m.
The standard coordinatewise action of them-torus Tm = Rm/Zm on (D2)m induces
the canonical Tm-action on Z∆.
We have a natural cellular decomposition of Z∆ as follows. Consider the follow-
ing decomposition of the disc D2 into 3 cells: the 0-cell e0 = 1 ∈ D2; the 1-cell
e1 = S1 \ {1}; the 2-cell e2 = D2 \ S1. By taking product we obtain a cellular
decomposition of (D2)m, and then Z∆ embeds as a CW subcomplex in (D
2)m.
Each cell of Z∆ has the form
eσ × tJ = e
2
i1 × · · · × e
2
ik
× e1j1 × · · · × e
1
jr ,
where σ = {i1, . . . , ik} ∈ ∆, J = {j1, . . . , jr}, σ ∩ J = ∅. (We omit the 0-cell in
the product.)
There is an alternative way to define Z∆ in terms of the dual simple polyhe-
dral complex P∆, constructed in [13]. As a polyhedron, P∆ is the cone over the
barycentric subdivision ∆′ of ∆. Precisely, for each simplex σ ∈ ∆ (including
∅), let Fσ denote the geometric realization of the poset ∆>σ = {τ ∈ ∆ : τ > σ}.
Hence, for σ 6= ∅, Fσ is the subcomplex of ∆
′ consisting of all simplices of the form
σ = σ0 < σ1 < · · · < σk, and F∅ = P∆ is the cone on ∆
′. If σ is a (k − 1)-simplex,
then we say that Fσ is a face of codimension k.
The polyhedron P∆ together with its decomposition into “faces” {Fσ}σ∈∆ will
be called a simple polyhedral complex. In particular, there are m facets Fi, . . . , Fm
of P∆, in which Fi is the geometric realization of the star of the ith vertex of ∆ in
∆′. Let Ti = S
1 be the coordinate circle subgroup of Tm. For each point x ∈ P∆,
define a subtorus
T (x) =
∏
i: x∈Fi
Ti ⊂ T
m,
assuming that T (x) = {1} if there are no facets containing x. Then define
Z∆ = P∆ × T
m/ ∼, (2.1)
where the equivalence relation ∼ is given by (x, g) ∼ (x′, g′) iff x = x and g−1g′ ∈
T (x). The action of Tm on P∆ × T
m by the right translations descends to a Tm-
action on Z∆, and the orbit space of this action is just P∆. These two definitions
are equivalent and both have their own convenience in different situations (cf. [9,
Chapter 6]).
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Example 2.8. (i) Let ∆ = ∂∆m−1 (the boundary of a simplex), then
Z∆ = (D
2 × · · · ×D2 × S1) ∪ (D2 × · · · × S1 ×D2) ∪ · · ·
∪ (S1 × · · · ×D2 ×D2) = ∂
(
(D2)m
)
= S2m−1.
(ii) If ∆ = ∆1 ∗∆2, then Z∆ = Z∆1 ×Z∆2 .
Z∆ is a closed orientable topological manifold (resp. k-homology manifold) of
dimension m+ d if and only if ∆ is a homology (d− 1)-sphere (resp. k-homology
(d− 1)-sphere). (see [12, §2.1]). In this case, we call Z∆ a moment-angle manifold
(resp. k-homology moment-angle manifold). In particular, if ∆ is a polytopal
sphere, then Z∆ admits a smooth structure (see [10, Chapter 6]). In general, the
smoothness of Z∆ is open.
2.5. Cohomology of moment-angle complexes. Throughout this subsection,
k is an commutative ring with unit.
For a simplicial complex ∆, the Koszul complex of the face ring k[∆] is defined as
the differential Z⊕Nm-graded algebra (Λ[y1, . . . , ym]⊗k[∆], d), where Λ[y1, . . . , ym]
is the exterior algebra onm generators over k, and the multigrading and differential
is given by
mdeg yi = (−1, 2ei), mdeg xi = (0, 2ei), ei ∈ N
m is the ith unit vector ;
dyi = xi, dxi = 0.
It is known that H∗(Λ[y1, . . . , ym] ⊗ k[∆], d) = Tork[x1,...,xm](k[∆],k). Then the
Tor-algebra Tork[x1,...,xm](k[∆],k) is canonically an Z⊕ N
m-graded algebra.
Theorem 2.9 ([4],[10, Theorem 4.5.4]). The following isomorphism of algebras
holds:
H∗(Z∆;k) ∼= Tork[x1,...,xm](k[∆],k),
Hp(Z∆;k) =
⊕
−i+2|J |=p
Tor−i,2J
k[x1,...,xm]
(k[∆],k),
where J = (j1, . . . , jm) ∈ N
m and |J | = j1 + · · ·+ jm.
We may view a subset J ⊂ [m] as a (0, 1)-vector in Nm whose jth coordinate is
1 if j ∈ J and is 0 otherwise. Then there is the following well known Hochster’s
formula:
Theorem 2.10 (Hochster [16], see also [10, Theorem 3.2.9]). For any subset J ⊂
[m] we have
Tor−i,2J
k[x1,...,xm]
(k[∆],k) ∼= H˜ |J |−i−1(∆J ;k),
and Tor−i,2J
k[x1,...,xm]
(k[∆],k) = 0 if J is not a (0, 1)-vector. We assume H˜−1(∆∅;k) =
k above.
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So Tork[x1,...,xm](k[∆],k) is isomorphic to
⊕
J⊂[m] H˜
∗(∆J ;k) as k-modules, and
this isomorphism endows the direct sum
⊕
J⊂[m] H˜
∗(∆J ;k) with a k-algebra struc-
ture. On the other hand, Baskakov [3] directly defined a multiplication structure
on
⊕
J⊂[m] H˜
∗(∆J ;k) to make the isomorphism in the Hochster’s formula to be
algebraic. Before describing this multiplication structure precisely, let us see some
operations on the homology and cohomology of the full subcomplexes of ∆.
Let C˜ i(∆;k) (resp. C˜i(∆;k)) denote the ith reduced simplicial cochain (resp.
chain) group of ∆ with coefficients in k. For an oriented (ordered) simplex σ =
(i1, . . . , ip) ∈ ∆, denote still by σ ∈ C˜
p−1(∆;k) the basis cochain corresponding
to σ; it takes value 1 on σ and vanishes on all other simplices. For simplicity
we will omit the coefficient ring k from the notations throughout the rest of this
subsection.
Definition 2.11. The union product in the simplicial cochains of full subcomplexes
of ∆ is defined to be the k-bilinear operation
⊔ : C˜p−1(∆I)⊗ C˜
q−1(∆J)→ C˜
p+q−1(∆I∪J), p, q > 0,
σ ⊗ τ 7→ σ ⊔ τ
in which σ ⊔ τ is the juxtaposition of σ and τ if I ∩ J = ∅ and σ ∪ τ is a simplex
of ∆I∪J ; zero otherwise.
Similarly, the excision product in the simplicial chains and cochains of full sub-
complexes is defined by
⊓ : C˜p+q−1(∆I)⊗ C˜
p−1(∆J )→ C˜q−1(∆I\J ), p, q > 0.
σ ⊗ τ 7→ σ ⊓ τ
Here σ ⊓ τ = εσ,τ (σ \ τ) if J ⊂ I, τ ⊂ σ and σ \ τ ⊂ I \ J ; zero otherwise, and εσ,τ
is the sign of the permutation sending τ ⊔ (σ \ τ) to σ.
It is easily verified that the union product of cochains induces a union product
of cohomology classes in the full subcomplexes of K:
⊔ : H˜p−1(∆)⊗ H˜q−1(∆)→ H˜p+q−1(∆), p, q > 0. (2.2)
Similarly, there is an induced excision product in homology and cohomology of the
full subcomplexes of ∆. Union and excision product are related by the formula
ψ(c ⊓ φ) = (φ ⊔ ψ)(c)
for c ∈ C˜p+q−1(∆I), φ ∈ C˜
p−1(∆J) and ψ ∈ C˜
q−1(∆I\J).
Intuitively, the union product (resp. excision product) is an analog of cup prod-
uct (resp. cap product) in cohomology (resp. homology and cohomology) of a
space. Actually, the union and excision product for ∆ do respectively induce the
cup and cap product for Z∆ (cf. [10, Chapter 4.5]).
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Theorem 2.12 (Baskakov [3], see also [10, Theorem 4.5.8] or [15]). There is a
ring isomorphism (up to a sign for each cohomology degree).
H∗(Z∆) ∼=
⊕
J⊂[m]
H˜∗(∆J), H
p(Z∆) ∼=
⊕
J⊂[m]
H˜p−|J |−1(∆J),
where the ring structure on the right hand side is given by the union product ⊔ in
(2.2).
Remark 2.13. There is an intrinsic topological exposition of Theorem 2.12. For
a subset J ⊂ [m] and a (k − 1)-face σ ∈ ∆J , we have a (|J | + k)-cell eσ × tJ\σ of
Z∆. Let C
∗(Z∆) be the cellular cochain groups of Z∆. It has a basis of cochains
e∗σt
∗
J\σ dual to the corresponding cells. Hence, the cup product in C
∗(Z∆) just
corresponds to the dual cochains of the cartesian product of these cells. So it
corresponds to the union product in the simplicial cochains of full subcomplexes
of ∆. Similarly, we have the correspondence between the cap product for Z∆ and
excision product for the full subcomplexes of ∆.
To conclude this subsection, we mention that the Tm-equivariant cohomology is
considerably simpler than the ordinary cohomology of Z∆.
Theorem 2.14 ([13, Theorem 4.8]). The Tm-equivariant cohomology ring of the
moment-angle complex Z∆ is isomorphic to the face ring of ∆:
H∗Tm(Z∆)
∼= k[∆].
2.6. Quasitoric manifolds. In their pioneering work [13] Davis and Januszkiewicz
suggested a topological generalisation of projective toric manifolds (nonsingular
projective toric varieties), which became known as quasitoric manifolds. A qua-
sitoric manifold is a 2d-dimensional manifold M with a locally standard action of
T d (that is, it locally looks like the standard coordinatewise action of T d on Cd)
such that the quotient M/T d can be identified with a simple d-polytope P . Let us
review this object as a guide to the further generalized spaces.
Let P be a simple d-polytope, F = {F1, . . . , Fm} the set of facets of P . Given a
map λ : F → Zd, and write λ(Fi) in the standard basis of Z
d:
λ(Fi) = λi = (λ1i, . . . , λdi)
T ∈ Zd, 1 6 i 6 m.
If the matrix
Λ =

λ11 · · · λ1m... . . . ...
λd1 · · · λdm


has the following property:
det(λi1, . . . ,λid) = ±1 whenever Fi1 ∩ · · · ∩ Fid 6= ∅ in P, (2.3)
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then λ is called a characteristic function for P , and Λ is called a characteristic
matrix.
Let (P,Λ) be a characteristic pair consisting of a simple polytope P and its
characteristic matrix Λ. Denote by Ti = S
1 the circle subgroup of T d = Rd/Zd
corresponding to the subgroup λi ∈ Z
d. For each point x ∈ P , define a subtorus
T (x) =
∏
i: x∈Fi
Ti ⊂ T
d.
Then the quasitoric manifold M(P,Λ) is defined to be
M(P,Λ) = P × T d/ ∼, the relation ∼ is as in (2.1).
In particular, If P is a Delzant polytope (a simple d-polytope P ⊂ Rd is called a
Delzant polytope if for every vertex v ∈ P the normal vectors to the facets meeting
at v can be chosen to form a basis of Zd), and the function λ is defined by the
normal vectors of P , then M(P,Λ) is a projective toric manifold (cf. [27]).
There is an equivalent way to define quasitoric manifolds from polytopal spheres.
Let ∆ be a polytopal (d− 1)-sphere. Then the simple polyhedral complex P∆ (see
subsection 2.4) can be viewed as the dual simple polytope of the simplicial polytope
which ∆ bounds. Suppose λ : F0(∆) → Z
d, i 7→ λi is a characteristic function,
that is it satisfies the condition
det(λi1, . . . ,λid) = ±1 whenever (i1, . . . , id) ∈ ∆. (2.4)
By means of λ, we get a T d-space M(∆,Λ) := P∆ × T
d/ ∼ as in the construc-
tion (2.1) of Z∆. Let M(P∆,Λ) be the space constructed in the first way. It is
obvious that M(P∆,Λ) = M(∆,Λ). For notational consistency, we use the second
construction M(∆,Λ) to denote a quasitoric manifold in the rest of this paper.
Remark 2.15. (i) The condition (2.4) is equivalent to saying that the linear
sequence {θi = λi1x1 + · · ·+ λimxm}16i6d is an integral l.s.o.p. for Z[∆].
(ii) For every 2- or 3-dimensional simple polytope P there exists a quasitoric
manifold over P . (The 3-dimensional case is due to the Four Color Theorem.) But
for n > 4, there exist simple n-polytopes which do not arise as the base spaces of
quasitoric manifolds, since the integral l.s.o.p. for a polytopal sphere ∆ may fail
to exist when dim∆ > 3.
Note that a characteristic matrix Λ for ∆ defines a map of lattices: Λ : Zm →
Zd, ei 7→ λi. Condition (2.4) implies that there is a short exact sequence
0→ Zm−d → Zm
Λ
−→ Zd → 0.
The matrix Λ also induces an epimorphism of tori
expΛ : Tm → T d, Ti 7→ {(e
2πiλ1it, . . . , e2πiλdit) ∈ T d, t ∈ R},
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whose kernel we denote by KΛ. Obviously, KΛ = T
m−d. From the construction of
moment-angle manifolds and quasitoric manifolds we can easily see the following
relation between them.
Proposition 2.16 ([10, Proposition 7.3.12]). The group KΛ = T
m−d acts freely
and smoothly on Z∆. There is a T
d-equaviriant homeomorphism
Z∆/KΛ ∼= M(∆,Λ).
The cohomology ring of a quasitoric manifold has a simple expression as follows.
Theorem 2.17 (Davis-Januszkiewicz, [13]). Let M(∆,Λ) be a quasitoric manifold
constructed from a polytopal (d−1)-sphere ∆ with m vertices, Λ = (λij) be the cor-
responding characteristic d×m matrix. Then the cohomology ring H∗(M(∆,Λ);Z)
is generated by the degree-two classes, and is given by
H∗(M(∆,Λ);Z) = Z[∆]/Θ,
where Θ is the ideal generated by the linear forms λi1x1+ · · ·+λimxm, 1 6 i 6 m.
2.7. Topological toric orbifolds and rational toric manifolds. In fact, the
construction of quasitoric manifolds over simple polytopes can be generalized to
cases where the base space is an arbitrary simple polyhedral complex (cf. [13, §2]).
Now we discuss such a generalization, and introduce the central topological spaces
of this paper.
Let ∆ be a simplicial complex of dimension d − 1, P∆ the simple polyhedral
complex associated to ∆. A map λ : F0(∆) → Z
d, i 7→ λi = (λ1i, . . . , λdi)
T (here
we require λi to be primitive in Z
d) is called a generalized characteristic function
if the linear sequence {θi = λi1x1 + · · · + λimxm}16i6d is an l.s.o.p. for Q[∆]. In
this case, the d×m matrix Λ = (λij) is called a generalized characteristic matrix.
Note that the rational face ring Q[∆] always admits an l.s.o.p.
For a generalized characteristic pair (∆,Λ) consisting of a simplicial complex ∆
and its generalized characteristic matrix Λ. We putM(∆,Λ) = P∆×T
d/ ∼, where
the equivalence relation is defined exactly as in the case of quasitoric manifold; as
before, M(∆,Λ) is a T d-space over P∆. We call M(∆,Λ) a toric space associated
to ∆ by D-J construction.
Terminology Convention. To simplify terminologies, we will omit the word ‘gen-
eralized’ and the words ‘by D-J construction’ in the above definitions, since we
always discuss such toric spaces in the rest of this paper.
As we have seen, the matrix Λ defines a map of lattices: Λ : Zm → Zd, which
can be extended to a exact sequence
0→ Zm−d → Zm
Λ
−→ Zd → G→ 0.
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Since {θ1, . . . , θm} is an l.s.o.p for Q[∆], G is a finite group. Set N = ImΛ.
Then the above exact sequence splits into two short exact sequences:
0→ Zm−d → Zm
Λ
−→ N → 0,
0→ N → Zd → G→ 0.
We apply the functor ⊗ZS
1 (S1 ⊂ C) to them and we get
0→ Tm−d → Tm → T dN → 0,
0→ Tor1Z(G, S
1) = G→ T dN → T
d → 0 = G⊗Z S
1.
Thus the lattice map Λ induces an epimorphism of tori expΛ : Tm → T d with
kernel KΛ = T
m−d ×G.
Recall that an action of a group on a topological space is almost free if all isotropy
subgroups are finite. As in the case of quasitoric manifold, it can be shown that
Proposition 2.18 (cf. [10, Theorem 4.8.5]). The group KΛ = T
m−d × G acts
almost freely and properly on Z∆. There is a T
d-equaviriant homeomorphism
Z∆/KΛ ∼= M(∆,Λ).
In particular, if ∆ is a homology (d− 1)-sphere, then Z∆ is a closed, orientable
manifold of dimension m + d. So Proposition 2.18 implies that for a given char-
acteristic matrix Λ, M(∆,Λ) is a closed, orientable 2d-dimensional orbifold with
a T d-action. The orientation of M(∆,Λ) can be defined as follows. First, give an
orientation to X = Z∆/T
m−d by choosing orientations of Z∆ and T
m−d respec-
tively. Then since the G-action on X extends to a toral action, it preserves the
orientation. Thus M(∆,Λ) = X/G inherits an orientation from X . In this case,
we call M(∆,Λ) a topological toric orbifold. Similarly, when ∆ is a rational ho-
mology sphere, Z∆ is a closed, orientable, rational homology (m+ d)-manifold. It
follows that M(∆,Λ) is a closed, orientable, rational homology 2d-manifold, called
a rational toric manifold. Furthermore, if ∆ is a rational homology ball, M(∆,Λ)
is an orientable, rational homology 2d-manifold with boundary.
Example 2.19. Let ∆ = ∂∆2, the boundary complex of a 2-simplex. Hence
Z∆ = S
5 (Example 2.8 (i)). We define M(∆,Λ) in three cases with different Λ.
(i) Take Λ to be
λ1 = (1, 0)
T , λ2 = (0, 1)
T , λ3 = (−1,−1)
T .
In this case, M(∆,Λ) is the quotient space of S5 ⊂ C3 under the diagonal S1
action, so M(∆,Λ) = CP 2 is a toric manifold.
(ii) Let a, b 6= 0 are relatively prime positive integers. Define Λ to be
λ1 = (1, 0)
T , λ2 = (0, 1)
T , λ3 = (−a,−b)
T .
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Then M(∆,Λ) is the quotient space of S5 ⊂ C3 under a twisted S1 action:
M(∆,Λ) = {(z1, z2, z3) ∈ S
5}/ ∼, (z1, z2, z3) ∼ (t
az1, t
bz2, tz3), t ∈ S
1.
This space is the so-called weighted projective space CP 2(a,b,1) with weight (a, b, 1)
(cf. [17]).
(iii) Take Λ to be
λ1 = (1,−1)
T , λ2 = (1, 2)
T , λ3 = (−2,−1)
T .
In this case, the kernel of Λ : Z3 → Z2 is Z · (1, 1, 1), and the cokernel of Λ
is Z3, which is generated by
1
3
(λ2 + 2λ3). From Proposition 2.18 we know that
M(∆,Λ) = S5/(S1 × Z3) = CP
2/Z3 with the following action of Z3
ε(z1 : z2 : z3) = (z1 : εz2 : ε
2z3),
where ε is a primitive root of unity of degree 3. Such a space is known as a fake
weighted projective space (cf. [11]).
Remark 2.20. Let Λ = (λ1, . . . ,λm) be a characteristic matrix for ∆. Then
we can defined a characteristic matrix Λ′ for the stellar subdivision ∆′ = ssσ∆
(σ = {1, . . . , k} ∈ ∆, k > 2) as follows. For any (a1, . . . , ak) ∈ Q
k with ai 6= 0 for
1 6 i 6 k, define
Λ′ = (Λ | λvσ), λvσ = a1λ1 + · · ·+ akλk.
It is easy to check that Λ′ is a characteristic matrix for ∆′.
Remark 2.21. For a field k of positive characteristic, it seems that there is no
corresponding k-toric space associated to a simplicial complex ∆ unless k = Z2,
in which case there is a Z2-toric space called a small cover associated to ∆ if there
is an l.s.o.p. for Z2[∆] (cf. [13]). But we know that Z2[∆] do not always have an
l.s.o.p.
Since this article has a topological flavor, we focus on the case k = Q in the rest
of the paper.
2.8. Cohomology of toric spaces associated to Cohen-Macaulay com-
plexes. In this subsection, we assume ∆ is a Cohen-Macaulay complex over Q, i.e.,
for every l.s.o.p. {θ1, . . . , θd} for Q[∆], the face ring Q[∆] is free as a Q[θ1, . . . , θd]-
module.
For a characteristic matrix Λ for ∆, let Tm−d ⊂ Tm be the subtorus correspond-
ing to the kernel Zm−d of the lattice map Λ : Zm → Zd. First, let us consider the
rational Tm−d-equivariant cohomology of Z∆.
Proposition 2.22. The rational Tm−d-equivariant cohomology of Z∆ is given by
H∗Tm−d(Z∆;Q)
∼= Q[∆]/Θ,
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where Θ is the ideal generated by the l.s.o.p. {θi = λi1x1 + · · · + λimxm}16i6d
corresponding to Λ = (λij).
Before giving the proof, let us recall some notions about equivariant topology.
For an i-torus (i > 0) T i, let T i → ET i → BT i be the universal principal T i
bundle. Note that the universal principal S1-bundle is the infinite Hopf bundle
S∞ → CP∞. So the classifying space BT i of the i-torus T i is the product (CP∞)i
of i copies of CP∞, and the total space ET i over BT i can be identified with the
i-fold product of the infinite-dimensional sphere S∞. Let X be a T i-space. Then
the T i-equivariant cohomology of X is isomorphic to the ordinary cohomology of
the Borel construction ET i ×T i X . Here
ET i ×T i X := ET
i ×X/ ∼,
where (e, x) ∼ (ge, gx) for any e ∈ ET i, x ∈ X, g ∈ T i.
In addition, we may assume that the lattice map Λ : Zm → Zd is onto. Indeed
if this is not the case, suppose ImΛ = N ⊂ Zd. (Remember that G = Zd/N
is a finite group.) Choose a basis of the lattice N and then we can get another
characteristic matrix Λ′ written in this basis. It is easy to see that there is a d× d
matrix B ∈ GL(d,Q) such that BΛ = Λ′. So the rational ideal generated by the
l.s.o.p. Θ′ corresponding to Λ′ is the same as Θ, and therefore Q[∆]/Θ = Q[∆]/Θ′.
Proof of Propsition 2.22. The coefficient Q will be implicit throughout the proof.
Consider the principal T d-bundle:
ET d × (ETm−d ×Tm−d Z∆)→ ET
m ×Tm Z∆.
The the Serre spectral sequence of this fibration has E2-term
Ep,q2 = H
p(ETm ×Tm Z∆;H
q(T d)).
According to Theorem 2.14, E2 = Q[∆]⊗Λ[v1, . . . , vd], where Λ[v1, . . . , vd] (deg vi =
1) is the exterior algebra over Q.
We assert that the differential d2 of the E2-term sends vi to θi ∈ Q[∆]. To see
this, we consider the bundle map:
Tm //
expΛ

ET d × (ETm−d ×Z∆) //

ETm ×Tm Z∆
T d // ET d × (ETm−d ×Tm−d Z∆) // ET
m ×Tm Z∆
Theorem 2.14 shows that the Serre spectral sequence of the upper fibration has
E2-term
E2 = Q[∆]⊗ Λ[y1, . . . , ym], deg yi = 1.
The homomorphism (expΛ)∗ : H1(T d)→ H1(Tm) can be identified with the dual
map of Λ : Zm → Zd. Hence (expΛ)∗(vi) = λi1yi + · · · + λimym. Since we have
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d2(yi) = xi in the E2-term of the Serre spectral sequence of the upper fibration (cf.
Appendix A.2), the assertion is true.
The fact that Q[∆] is a free Q[θ1, . . . , θd]-module implies that the Serre spectral
sequence of the lower fibration collapses at the E3-term: E3 = Q[∆]/Θ. Notice
that ET d×(ETm−d×Tm−dZ∆) is homotopy equivalent to ET
m−d×Tm−dZ∆. Hence
H∗Tm−d(Z∆) = H
∗(ETm−d ×Tm−d Z∆) ∼= Q[∆]/Θ.

In the Serre fibration ETm−d × Z∆ → ET
m−d ×Tm−d Z∆, the projection onto
the second factor of ETm−d × Z∆ descends to a projection ET
m−d ×Tm−d Z∆ →
Z∆/T
m−d, compose this with the quotient map Z∆/T
m−d → Z∆/KΛ = M(∆,Λ)
if necessary we get a map
p : ETm−d ×Tm−d Z∆ →M(∆,Λ).
Theorem 2.23. For any (d − 1)-dimensional complex ∆ (not necessarily being
Cohen-Macaulay), we have the following ring isomorphism
p∗ : H∗(M(∆,Λ);Q) ∼= H∗Tm−d(Z∆;Q),
which is induced by the quotient map p above.
We include the proof of Theorem 2.23 in Appendix A.1 for the reader’s conve-
nience.
Corollary 2.24. If ∆ is Cohen-Macaulay, then we have a ring isomorphism
H∗(M(∆,Λ);Q) ∼= Q[∆]/Θ.
Remark 2.25. Although the integral cohomology of rational toric manifolds often
has torsion, and the ring structure is subtle even in the simplest case of weighted
projective spaces (see [17]), their rational cohomology has the same simple form
as quaitoric manifolds.
As we have seen, every characteristic matrix for ∆ defines an l.s.o.p. for Q[∆].
Conversely, if Θ is an l.s.o.p. for Q[∆], then the associated d × m matrix A =
(a1, . . . ,am) can be written as A = (
1
p1
λ1, . . . ,
1
pm
λm) with pi ∈ Z, such that
Λ = (λ1, . . . ,λm) is a characteristic matrix for ∆. Let ΘΛ be the l.s.o.p. corre-
sponds to Λ. Then it is easy to see that Q[∆]/Θ → Q[∆]/ΘΛ, xi 7→ pixi is a ring
isomorphism. So we will do not distinguish the ring Q[∆]/Θ from the cohomology
of M(∆,Λ) for Cohen-Macaulay complex ∆ because of Corollary 2.24.
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3. Topology of rational toric manifolds and its applications
Throughout this section, ∆ is a Cohen-Macaulay complex of dimension d − 1.
By (∆,Λ) and Θ, we denote a characteristic pair and the corresponding l.s.o.p. So
M(∆,Λ) is a 2d-dimensional toric space. The simplified notation M∆ for M(∆,Λ)
will be also used whenever it creates no confusion.
3.1. Local topology of toric spaces. For (∆,Λ) and a subset S = {i1, . . . , ij} ⊂
[m] = F0(∆), let ΛS = (λi1 , . . . ,λij) be the restriction d × j matrix, and let
ΘS = rS(Θ) be the image of Θ under the restriction map rS : Q[∆]→ Q[∆S ]. For
a (k − 1)-face σ = {i1, . . . , ik} ∈ ∆, setting Sσ = F0(stσ∆) = {i1, . . . , ij}, then we
get a T d-space
Mσ =M(stσ∆,ΛSσ) = Zstσ∆/KΛSσ , KΛSσ := Ker expΛSσ : T
j → T d.
Since stσ∆ is clearly Cohen-Macaulay, H
∗(Mσ;Q) = Q[stσ∆]/ΘSσ .
On the other hand, let Tm−j[m]\Sσ be the coordinate subtorus corresponding to the
subset [m] \ Sσ. We get another T
d-space
Mˆσ = (Zstσ∆ × T
m−j
[m]\Sσ
)/KΛ, KΛ := Ker expΛ : T
m → T d.
It is easy to see that Mˆσ is the quotient space of Mσ under a finite group G ⊂ T
d
action: G × Mσ → Mσ, so their rational cohomology rings are isomorphic (cf.
Appendix A.1). Thus, the restriction map rS : Q[∆]/Θ → Q[∆S ]/ΘSσ is induced
by an inclusion ψσ : Mˆσ →֒ M∆.
Now consider the subcomplex lkσ∆. Reordering the vertices if necessary, there
exists a matrix A ∈ GL(d,Z) such that
A · Λσ =
(
Uσ
0
)
and A · ΛSσ =
(
Uσ B
0 Γ
)
, (3.1)
where Uσ is a full rank k × k upper triangle matrix. It is easily verified that the
(d− k)× (j − k) matrix Γ is a characteristic matrix for lkσ∆. Thus, we can define
a (2d− 2k)-dimensional toric space Nσ associated to lkσ∆ to be
Nσ = M(lkσ∆,Γ) = Zlkσ∆/KΓ, KΓ := Ker exp Γ : T
j−k → T d−k.
Viewing Zlkσ∆ as a subspace of Zstσ∆:
Zlkσ∆ = {(x1, . . . , xj) ∈ (D
2)j : xi = 0 for i ∈ σ} ⊂ Zstσ∆.
Then Nσ is a deformation retract of Mσ induced by the deformation retraction
from Zstσ∆ = (D
2)kσ × Zlkσ∆ onto Zlkσ∆, and πσ : Mσ → Nσ is (rationally) an
orientable D2k-bundle.
In particular, if ∆ is a rational homology (d−1)-sphere (resp. rational homology
(d−1)-ball), lkσ∆ is a rational homology (d−k−1)-sphere (resp. rational homology
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(d−k−1)-sphere or (d−k−1)-ball). So in this case, Nσ is a rational toric (2d−2k)-
manifold ( resp. rational toric (2d− 2k)-manifold with or without boundary). Let
us look at an example.
Example 3.1. Let ∆ be the boundary of a square with {1, 3} and {2, 4} as missing
faces. So Z∆ = S
3 × S3 (see Example 2.8). Define Λ to be
λ1 = (1, 0)
T , λ2 = (0, 1)
T , λ3 = (−1,−1)
T , λ4 = (0,−1)
T .
Then M∆ is the connected sum CP
2#CP 2 (see [28]), where CP 2 is the projective
space with the reversed orientation. The kernel subtorus KΛ = T
2 corresponds to
the sublattice
Z · (1, 1, 1, 0)⊕ Z · (0, 1, 0, 1).
It is not hard to verify that Ni = S
2 for all 1 6 i 6 4; Mi = Mˆi = D
2 × S2 for
i = 1, 3; and for i = 2, 4, Mi = Mˆi is the total space of a D
2-bundle over S2 such
that the boundary of Mi is the Hopf bundle:
S1 → S3 → S2.
In the previous notations, we have a composition map
ρσ : Nσ
φσ
−→Mσ
qσ
−→ Mˆσ
ψσ
−→ M∆, (3.2)
where qσ is the quotient map; φσ and ψσ are inclusions, and there are induced ring
isomorphisms
H∗(Mˆσ)
q∗σ−→
∼=
H∗(Mσ)
φ∗σ−→
∼=
H∗(Nσ). (3.3)
3.2. Excision for rational toric manifolds with boundary. In this subsec-
tion, we assume ∆ is a rational homology ball with characteristic matrix Λ, so that
M∆ is a rational toric manifolds with boundary. The following lemma can be used
to calculate the relative cohomology of the pair (M∆, ∂M∆).
Lemma 3.2 (Excision). Suppose a characteristic pair (∆′,Λ′) satisfies that ∆′
is a rational homology sphere of the same dimension as ∆, ∆ ⊂ ∆′ and Λ is
the restriction of Λ′ to ∆. Let D be the closure of ∆′ − ∆, D = F0(D), and
rD : Q[∆
′]/Θ′ → Q[D]/Θ′D the restriction map. Then we have an isomorphism
H∗(M∆, ∂M∆;Q) ∼= Ker rD.
Proof. Note that D is a rational homology ball. Let S = F0(∆
′)−F0(∆), i = |S|
and U = F0(∆
′)−F0(D), j = |U|. We can define spaces
Mˆ∆ = (Z∆ × T
i
S)/KΛ′ and MˆD = (ZD × T
j
U)/KΛ′,
where KΛ′ : = Ker expΛ
′.
As we showed in §3.1 that Mσ and Mˆσ are rational cohomology equivalent, in
the same way, we have H∗(M∆, ∂M∆;Q) ∼= H
∗(Mˆ∆, ∂Mˆ∆;Q) and H
∗(MD;Q) ∼=
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H∗(MˆD;Q). Using Corollary 2.24 and five-lemma, we can readily deduce that
H∗(M∆′, MˆD;Q) ∼= Ker rD. Since M∆′ = Mˆ∆ ∪ MˆD and Mˆ∆ ∩ MˆD = ∂Mˆ∆,
H∗(M∆′, MˆD;Q) ∼= H
∗(Mˆ∆, ∂Mˆ∆;Q) by excision. So The lemma is proved. 
Corollary 3.3. Let I be the ideal of Q[∆] generated by {xσ : σ ∈ ∆− ∂∆}, Θ an
l.s.o.p. for Q[∆] and M∆ the corresponding rational toric manifold with boundary.
Then we have an isomorphism
H∗(M∆, ∂M∆;Q) ∼= I/IΘ.
Proof. Let ∆′ = ∆, and L = ∆ ∪∂∆ ∆
′ be the rational homology sphere obtained
by gluing these two balls together, I ′ = (xσ : σ ∈ L−∆) ∈ Q[L]. Define an l.s.o.p.
Θˆ for Q[L] in a symmetrical way. Then we have a short exact sequence
0→ I/(I ∩ Θˆ)→ Q[L]/Θˆ→ Q[∆′]/Θ→ 0.
According to Lemma 3.2, H∗(M∆, ∂M∆;Q) ∼= I/(I ∩ Θˆ). So it remains to prove
that I ∩ Θˆ = IΘ.
First note that IΘ = IΘˆ ⊂ I ∩ Θˆ. For the inverse direction, suppose f ∈ I ∩ Θˆ,
then it can be written as f =
∑
piθˆi +
∑
q′iθˆi +
∑
riθˆi, where pi ∈ I, q
′
i ∈ I
′ and
ri ∈ Q[∂∆]. Thus
∑
q′iθˆi +
∑
riθˆi ∈ I ∩ Θˆ since f, piθˆi ∈ I ∩ Θˆ. It is easy to see
that I ∩ I ′ = 0. Hence if we write
∑
riθˆi = r + r
′ + r′′ with r ∈ I, r′ ∈ I ′ and
r′′ ∈ Q[∂∆], then we have r′′ = 0 and r′ = −
∑
q′iθˆi. By symmetry of both L and
Θˆ, we can deduce that r = −
∑
qiθˆi with qi ∈ I to be the polynomial symmetric
to q′i. It follows that
∑
q′iθˆi +
∑
riθˆi = −
∑
qiθˆi ∈ IΘˆ, and so f ∈ IΘˆ too. 
3.3. Poincare´ duality of rational toric manifolds. In this subsection, we as-
sume that ∆ is a rational homology sphere (or ball) of dimension d − 1. So M∆
is a rational toric 2d-manifold (resp. rational toric 2d-manifold with boundary),
and therefore it should have (rational) Poincare´ duality (resp. Lefschetz duality)
property. After choosing an orientation of M∆, denote by [M∆] ∈ H2d(M∆;Q)
(resp. H2d(M∆, ∂M∆;Q)) the fundamental class of M∆ (resp. (M∆, ∂M∆)). The
following lemma plays an important role in this paper.
Lemma 3.4 (Poincare´ duality). If ∆ is a rational homology (d − 1)-sphere, then
the map defined by
H2j(M∆;Q)
[M∆]a
−−−−→ H2d−2j(M∆;Q)
is an isomorphism for all j. Namely, the rational algebra Q[∆]/Θ is a Poincare´
duality algebra. Moreover, for any (k − 1)-face σ = {i1, . . . , ik} ∈ ∆, we have
Q · [M∆] a xσ = Q · (ρσ)∗([Nσ]),
where [Nσ] ∈ H2d−2k(Nσ;Q) is a rational fundamental class of Nσ, and ρσ is defined
by (3.2).
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Proof. Since M∆ is a rational homology manifold when ∆ is a rational homology
sphere, the first statement is obvious. For the second statement, let eσ = e
2
i1
×
· · · × e2ik be the 2k-cell of Z∆ defined in Remark 2.13. Define the ‘orbit cell’ e˜σ
to be the image of eσ in the orbit space M∆ under the quotient map Z∆ → M∆.
(Remark: Actually, e˜σ may not be a cell in general, but a rational homology ball,
which is homeomorphic to the quotient of D2k under a finite group G ⊂ T k action.
However, a rational homology ball plays the same role as a cell in rational homology
calculations. This is what we need.)
We claim that xσ ∈ Q[∆]/Θ is represented by the cocycle e˜
∗
σ ∈ C
2k(M∆;Q)
up to multiplication by an integer (see Appendix A.2 for a proof). Similarly, the
fundamental class [M∆] is represented by the cycle
±
∑
τ∈Fd−1(∆)
e˜τ ∈ C2d(M∆;Q)
(up to multiplication by an integer for each term). Hence, the cap product [M∆] a
xσ is represented by
±
∑
τ∈Fd−k−1(lkσ∆)
e˜τ , summing over all facets of lkσ∆.
(Compare with the relation between the cap product for Z∆ and the excision prod-
uct for full subcomplexes of ∆.) But this is just a representative of a fundamental
class of Nσ. 
Remark 3.5. The Poincare´ duality of Q[∆]/Θ can also be obtained in a purely
algebraic way [32, I.12]. Lemma 3.4 provides a topological explanation of this
algebraic phenomenon.
Similar to the Poincare´ duality of rational toric manifolds, for rational toric
manifolds with boundary we have
Lemma 3.6 (Lefschetz duality). If ∆ is a rational homology (d−1)-ball, then the
maps defined by
H2j(M∆, ∂M∆;Q)
[M∆]a
−−−−→ H2d−2j(M∆;Q), and
H2j(M∆;Q)
[M∆]a
−−−−→ H2d−2j(M∆, ∂M∆;Q)
are isomorphisms for all j. Moreover, for xσ ∈ I/IΘ with I = (xσ : σ ∈ ∆− ∂∆)
(resp. xσ ∈ Q[∆] ), Q · [M∆] a xσ = Q · (ρσ)∗([Nσ]), where [Nσ] ∈ H2d−2k(Nσ;Q)
is a rational fundamental class of Nσ (resp. (Nσ, ∂Nσ)).
3.4. Applications of the Poincare´ duality lemma. Restricting attention to
closed rational toric manifolds for simplicity, we assume ∆ is a rational homology
sphere throughout this subsection. As an application of Lemma 3.4, we have the
following result which is an essential ingredient of this paper.
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Proposition 3.7. For a face σ ∈ ∆, let ρσ : Nσ → M∆ be the map defined in
(3.2). Then for every 1 6 i 6 d, the map
H2k(M∆;Q)
⊕
ρ∗σ−−−→
⊕
σ∈Fi−1(∆)
H2k(Nσ;Q)
is an injection for all k 6 d− i.
Proof. It is equivalent to prove that⊕
σ∈Fi−1(∆)
H2k(Nσ;Q)
⊕
(ρσ)∗
−−−−→ H2k(M∆;Q) (3.4)
is a surjection for k 6 d− i.
First we will show that for any 1 6 i 6 d, (3.4) holds for k = d − i. As a
consequence of Lemma 3.4, we have the following commutative diagram:
⊕
σ∈Fi−1(∆)
Q · xσ
[M∆]a
∼=
//


⊕
σ∈Fi−1(∆)
H2d−2i(Nσ;Q)
⊕
(ρσ)∗

H2i(M∆;Q)
[M∆]a
∼=
// H2d−2i(M∆;Q)
(3.5)
Since the left vertical map is surjective (see [32, Lemma III.2.4]), so is the right
vertical map.
Next for k < d − i, notice that for each face pair τ ⊃ σ with dim σ = i − 1,
dim τ = d − 1 − k, there is a map ρτ |σ : Nτ → Nσ, and ρτ factors through Nσ by
this map. Hence, we have the following commutative diagram:
⊕
σ∈Fi−1(∆)
( ⊕
τ⊃σ,
τ∈Fd−1−k(∆)
H2k(Nτ ;Q)
) ⊕⊕(ρτ |σ)∗
//
⊕⊕
(ρτ )∗


⊕
σ∈Fi−1(∆)
H2k(Nσ;Q)
⊕
(ρσ)∗

H2k(M∆;Q) H2k(M∆;Q)
(3.6)
We have already seen that the left vertical map is surjective, so the right vertical
map is surjective too. Thus, (3.4) holds for all k 6 d− i. 
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Remark 3.8. Proposition can be translated into a purely algebraic description,
that is, for every 1 6 i 6 d− 1 and k 6 d− i, we have an injection
(Q[∆]/Θ)2k
⊕
rSσ−−−→
⊕
σ∈Fi−1(∆)
(Q[stσ∆]/ΘSσ)2k,
where Sσ = F0(stσ∆) and rSσ is the restriction map. For the special case that
i = 1, this algebraic result is also obtained by Adiprasito [1, Lemma 3.4].
From the proof of Proposition 3.7, we can readily generalize it to
Theorem 3.9. If {xσ1 , . . . ,xσhk} is a basis for (Q[∆]/Θ)2k, then the map
(Q[∆]/Θ)2j
⊕
rSσi−−−−→
⊕
16i6hk
(Q[stσi∆]/ΘSσi )2j .
is an injection for j < d− k and an isomorphism for j = d− k.
Proof. The isomorphism comes from diagram (3.5), and the injection comes from
diagram (3.6) and the following lemma. 
Lemma 3.10. If {xσ1 , . . . ,xσhk} is a basis for (Q[∆]/Θ)2k, then for each n > k,
(Q[∆]/Θ)2n is spanned by the face monomials {xτ : τ ∈
⋃hk
i=1 stσi∆}.
Proof. Since (Q[∆]/Θ)2k+2 = (Q[∆]/Θ)2 · (Q[∆]/Θ)2k, it is spanned by the mono-
mials of the form xixσj . If i 6∈ σj and xixσj 6= 0, then τ = {i} ∪ σj ∈ stσi∆, so
assume i ∈ σj . Since θ1, . . . , θd is an l.s.o.p for Q[∆], some linear combination of
them has the form
γ = xi +
∑
xl 6∈σj
alxl, al ∈ Q.
Then in Q[∆]/Θ we have xixσj = (xi − γ)xσj , and so reduce to the case xi 6∈ σj .
This prove the case n = k + 1. Doing this inductively for n = k + 2, . . . , d, we get
the conclusion of the lemma. 
Before proceeding further, let us define a combinatorial construction.
Definition 3.11. Let ∆ be a pure simplicial complex of dimension d−1. The first
partially derived subdivision D1(∆) of ∆ is defined to be the simplicial complex ob-
tained from ∆ by applying stellar subdivision operations at all facets of ∆. (Using
‘partially’ because the term ‘derived subdivision’ usually means the barycentric
subdivision.) Note that D1(∆) is well defined, that is it dose not depend on the
order of the stellar subdivision operations we perform. For convenience we define
D0(∆) = ∆.
Recursively, define the ith partially derived subdivision Di(∆) of ∆ to be the
simplicial complex obtained from Di−1(∆) by applying stellar subdivisions on all
TORIC SPACES AND FACE ENUMERATION ON SIMPLICIAL MANIFOLDS 25
faces σ ∈ Fd−i(∆). (It is easily verified that Fd−i(∆) ⊂ Fd−i(Di−1(∆)) and Di(∆)
is well defined.)
Recall that vσ denote the adding vertex in the stellar subdivision at the face
σ ∈ ∆. We have
F0(Di(∆)) = F0(∆) ∪ {vσ : dim σ > d− i}.
Proposition 3.12. Suppose MDi(∆) is a rational toric manifold associated to
Di(∆). Let Vi = F0(Di(∆)) \ F0(∆). Then for each k < i, we have an injec-
tion
H2k(MDi(∆);Q)
⊕
ρ∗vσ−−−→
⊕
vσ∈Vi
H2k(Nvσ ;Q).
Here Nvσ is the rational toric manifold associated to lkvσDi(∆) defined in subsection
3.1.
Proof. As before, it is equivalent to show that⊕
vσ∈Vi
H2k(Nvσ ;Q)
⊕
(ρvσ )∗−−−−−→ H2k(MDi(∆);Q)
is surjective for k < i.
As in the proof of Proposition 3.7, we have a commutative diagram
⊕
vσ∈Vi
( ⊕
τ∋vσ ,
τ∈Fd−1−k(Di(∆))
H2k(Nτ ;Q)
) ⊕⊕(ρτ |vσ )∗
//
⊕⊕
(ρτ )∗


⊕
vσ∈Vi
H2k(Nvσ ;Q)
⊕
(ρvσ )∗

H2k(MDi(∆);Q) H2k(MDi(∆);Q)
By Proposition 3.7, ⊕
τ∈Fd−1−k(Di(∆))
H2k(Nτ ;Q)
⊕
(ρτ )∗
−−−−→ H2k(MDi(∆);Q)
is a surjection. Note that if k < i, then any face τ ∈ Fd−1−k(Di(∆)) must contain
at least one vertex vσ ∈ Vi. It follows that the left vertical map is surjective in the
above diagram, then so is the right vertical map. 
For a subset A ⊂ Fk(∆), define S(∆,A ) to be the set of simplicial complexes
obtained from ∆ by a sequence of stellar subdivision operations at each face of
A . (In general, changing the order of stellar subdivision operations produces a
different simplicial complex.)
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Let ∆ be a rational homology (d − 1)-sphere, Θ a generic l.s.o.p. for Q[∆] and
suppose {xσ1 , . . . ,xσhk} is a basis of (Q[∆]/Θ)2k. Set Ak−1 = {σ1, . . . , σhk} ⊂
Fk−1(∆). Then for any ∆
′ ∈ S(∆,Ak−1), we can give an l.s.o.p. Θ
′ for Q[∆′]
such that it is Θ when restricted to the vertices of ∆ (cf. Remark 2.20). Let
V = F0(∆
′) − F0(∆) = {vσ1 , . . . , vσhk}. Then (Q[∆
′]/Θ′)2k has a face monomial
basis as follows.
Lemma 3.13. (Q[∆′]/Θ′)2k has a basis of the form {xτ1 , . . . ,xτs} such that τj∩V 6=
∅ for each 1 6 j 6 s.
Proof. Without loss of generality, we may assume ∆ = ∆0, ∆
′ = ∆hk , and ∆i =
ssσi∆i−1 for 1 6 i 6 hk. For notational simplicity, we use Θ to denote the l.s.o.p.
for all Q[∆i]. Let Di (i > 1) be the closure of ∆i − stvσi∆i. Then for each
1 6 i 6 hk, we have a short exact sequence
0→ Ji/(Ji ∩Θ)→ Q[∆i]/Θ→ Q[Di]/Θ→ 0, (3.7)
where Ji is the ideal generated by the vertex vσi .
From the short exact sequence
0→ I/(I ∩Θ)→ Q[∆]/Θ→ Q[D1]/Θ→ 0, I = (xσ1),
it is easy to see that {xσ2 , . . . ,xσhk} is a basis of (Q[D1]/Θ)2k. Thus the short exact
sequence (3.7) implies that (Q[∆1]/Θ)2k has a basis of the form {xτ1 , . . . ,xτr} ∪
{xσ2 , . . . ,xσhk}, where vσ1 ∈ τj for all 1 6 j 6 r. Doing this inductively for
i = 2, 3 . . . , we see that (Q[∆′]/Θ)2k has the desired basis. 
By using Lemma 3.13 and the same argument as in the proof of Proposition 3.7,
we can get that:
Proposition 3.14. In the notation above, for any ∆′ ∈ S(∆,Ak−1) and i 6 d−k,
we have an injection
(Q[∆′]/Θ′)2i →
⊕
16j6hk
(Q[stvσj∆
′]/Θ′)2i.
4. WLP and subdivisions of rational homolgoy spheres
Stellar subdivisions play an important role in piecewise-linear geometry. In this
section, we investigate the problem that which stellar subdivisions of a rational
homology sphere has WLP. (Babson-Nevo’s paper [2] is a good reference for the
strong-Lefschetz property about this question.) We begin with a lemma which is
needed later on.
Lemma 4.1. If a rational homology (d− 1)-sphere ∆ has the form ∆ = ∂∆n ∗∆′
with n > ⌈d/2⌉, then ∆ has the WLP in the sense that for any l.s.o.p Θ, there
exists a WLE for Q[∆]/Θ.
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Proof. By Proposition 2.6, we only need to show that there exists a linear form
ω ∈ Q[∆] such that the map
·ω : (Q[∆]/Θ)2⌊d/2⌋ → (Q[∆]/Θ)2⌊d/2⌋+2
is a surjection.
Choosing an arbitrary facet σ ∈ ∂∆n, we have stσ∆ = σ ∗ ∆
′. Consider the
short exact sequence
0→ I → Q[∆]→ Q[stσ∆]→ 0. (4.1)
Suppose F0(∆
n) \ σ = {i}, then it is easy to see that I = (xi). If we quotient out
by Θ in (4.1), we obtain the short exact sequence
0→ I/(I ∩Θ)→ Q[∆]/Θ→ Q[stσ∆]/ΘSσ → 0, (4.2)
in which Sσ = F0(stσ∆).
Let k = dim∆′+1. Then k 6 ⌊d/2⌋, since n > ⌈d/2⌉ and n+k = d by assump-
tion. As we have seen in subsection 3.1, Q[stσ∆]/ΘSσ is isomorphic to the coho-
mology of the rational toric 2k-manifold Nσ. Hence, we have (Q[stσ∆]/ΘSσ)2l = 0
for l > ⌊d/2⌋+ 1. It follows from (4.2) that
(I/(I ∩Θ))2l = (Q[∆]/Θ)2l, for l > ⌊d/2⌋+ 1. (4.3)
Let R be the image of the map ·xi : Q[∆]/Θ → Q[∆]/Θ. Since I = (xi), it
follows that I/(I ∩Θ) = R. Combining this with (4.3) we get the surjection
·xi : (Q[∆]/Θ)2⌊d/2⌋ → (Q[∆]/Θ)2⌊d/2⌋+2.
The form ω = xi is what we need. 
The WLP of a rational homology sphere and the one of its stellar subdivisions
are related by the following algebraic result, which is proved initially by Bo¨hm-
Papadakis [5]. Here we give a simpler proof.
Proposition 4.2. Let ∆ be a rational homology (d − 1)-sphere. For the stellar
subdivision ∆′ = ssσ∆ at a face σ ∈ Fn(∆), we have:
(a) If ∆ has the WLP and n > d/2, then ∆′ has the WLP.
(b) If ∆′ has the WLP and n > d/2, then ∆ has the WLP.
Proof. (a) If ∆ has the WLP, then for a pair (ω0,Θ) ∈ W(∆) we have a surjection
·ω0 : (Q[∆]/Θ)2⌊d/2⌋ → (Q[∆]/Θ)2⌊d/2⌋+2.
Since dim σ > d/2, dim lkσ∆ = d − dim σ − 2 6 ⌊d/2⌋ − 2. Therefore, as in the
proof of Lemma 4.1, for the short exact sequence
0→ I/(I ∩Θ)→ Q[∆]/Θ→ Q[stσ∆]/ΘSσ → 0,
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we have
(I/(I ∩Θ))2l = (Q[∆]/Θ)2l, for l > ⌊d/2⌋. (4.4)
So the map (I/(I ∩Θ))2⌊d/2⌋
·ω0−→ (I/(I ∩Θ))2⌊d/2⌋+2 is surjective too.
On the other hand, let Θ′ be a generic l.s.o.p. for Q[∆′]. Here we may assume
Θ is the restriction of Θ′ to x1, . . . , xm. Note that lkvσ∆
′ = ∂σ ∗ lkσ∆ is a (d− 2)-
sphere, then by Lemma 4.1 and equation (3.3), for any i ∈ σ, xi is a WLE for
Q[stvσ∆
′]/Θ′Svσ , where Svσ = F0(stvσ∆
′). Let ω be a generic linear combination of
ω0 and xi. Now consider the following commutative diagram of exact sequences:
0 // I ′/(I ′ ∩Θ′)
·ω

// Q[∆′]/Θ′
·ω

// Q[stvσ∆
′]/Θ′Svσ
·ω

// 0
0 // I ′/(I ′ ∩Θ′) // Q[∆′]/Θ′ // Q[stvσ∆
′]/Θ′Svσ
// 0
(4.5)
(For notational convenience, we omit the degree subscripts in both rows, which
are 2⌊d/2⌋ and 2⌊d/2⌋+ 2 resp.) Thus, the right vertical map is a surjection. By
Lemma 3.2, we have I ′/(I ′∩Θ′) ∼= I/(I∩Θ), so the left vertical map is a surjection
too. The five-lemma then gives a surjection
·ω : (Q[∆′]/Θ)2⌊d/2⌋ → (Q[∆
′]/Θ)2⌊d/2⌋+2.
Hence ∆′ has the WLP.
(b) We divide the proof into two cases, depending on the parity of d. Consider
first the case that d is odd. In this case, n > d/2 is equivalent to n > ⌊d/2⌋ + 1.
Let the degree of the first and second rows in (4.5) are 2⌊d/2⌋ and 2⌊d/2⌋ + 2
resp. Thus if ∆′ has WLP, then for a generic choice of (ω,Θ) ∈ W(∆′), the middle
vertical map is an isomorphism by Poincare´ duality, and so the left vertical map
is an injection. Combining this with (4.4) and h⌊d/2⌋(∆) = h⌊d/2⌋+1(∆) we see that
the map
·ω : (Q[∆]/Θ)2⌊d/2⌋ → (Q[∆]/Θ)2⌊d/2⌋+2
is an isomorphism. So ∆ has the WLP.
For the case that d is even, we have d/2 = ⌊d/2⌋. So n > d/2 implies that
dim lkσ∆ 6 ⌊d/2⌋ − 3, and therefore by the same argument as before, we have
(I/(I ∩Θ))2l = (Q[∆]/Θ)2l, for l > ⌊d/2⌋ − 1. (4.6)
Note that when d is even, the WLP of ∆ is equivalent to the injectivity of
· ω : (Q[∆]/Θ)2⌊d/2⌋−2 → (Q[∆]/Θ)2⌊d/2⌋ for some ω. (4.7)
This time let the degree of the first and second rows in (4.5) are 2⌊d/2⌋ − 2 and
2⌊d/2⌋ resp. The WLP of ∆′ implies that for a generic choice of (ω,Θ) ∈ W(∆′),
the middle vertical map is an injection. So the left vertical map is also an injection.
It follows from Lemma 3.2 and (4.6) that the map in (4.7) is an injection too. So
∆ has the WLP. 
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Corollary 4.3. Let ∆ be a rational homology (d − 1)-sphere, Vi = F0(Di(∆)) \
F0(∆). If i 6 ⌈d/2⌉, then for every vσ ∈ Vi, lkvσDi(∆) has the WLP.
Proof. It is easy to see that F0(∆) = V0 ⊂ V1 ⊂ · · · ⊂ Vi. Let kσ = d − dim σ.
Then kσ is the smallest number such that vσ ∈ Vkσ , and
lkvσDkσ(∆) = ∂σ ∗ lkσDkσ−1(∆)
is a rational homology (d − 2)-sphere. So when kσ 6 i 6 ⌈d/2⌉, we have dim σ >
⌊d/2⌋ = ⌈(d− 1)/2⌉, and then lkvσDkσ(∆) has the WLP by Lemma 4.1.
When i > kσ, lkvσDi(∆) is obtained from lkvσDkσ(∆) by a sequence of stellar
subdivisions at some faces of dimension greater than or equal to d − i > ⌊d/2⌋ >
(d−1)/2. Hence we conclude our assertion with the help of Propositon 4.2 (a). 
Corollary 4.4. Let ∆ be a rational homology (d − 1)-sphere. Then for i < d/2,
Di(∆) has the WLP if and only if ∆ has the WLP.
Proof. By definition, Di(∆) is obtained from ∆ by a sequence of stellar subdivisions
at faces of dimension greater than or equal to d − i > d/2. Then the conclusion
follows from Proposition 4.2. 
As an application of the previous results, we get the following theorem.
Theorem 4.5. For any rational homology (d− 1)-sphere ∆ and a generic l.s.o.p.
Θ for Q[Dk(∆)] with k 6 ⌈d/2⌉, there exists a linear form ω ∈ Q[Dk(∆)] such that
the map
·ω : (Q[Dk(∆)]/Θ)2i−2 → (Q[Dk(∆)]/Θ)2i
is an injection for i 6 min{k, ⌊d/2⌋}. In particular, if d is even, and k = d/2,
there is a WLE for Q[Dk(∆)]/Θ.
Proof. Consider the morphism
Q[Dk(∆)]/Θ
⊕
rSvσ−−−−→
⊕
vσ∈Vk
Q[stvσDk(∆)]/ΘSvσ ,
where Vk = F0(Dk(∆)) \ F0(∆) and Svσ = F0(stvσDk(∆)). Since k 6 ⌈d/2⌉, it
follows by Corollary 4.3 and Lemma 2.7 that for a generic choice of linear form ω,
and for i 6 ⌊d/2⌋, the right vertical map is injective in the following commutative
diagram:
(Q[Dk(∆)]/Θ)2i−2
⊕
rSvσ−−−−→
⊕
vσ∈Vk
(Q[stvσDk(∆)]/ΘSvσ )2i−2y·ω y·ω
(Q[Dk(∆)]/Θ)2i
⊕
rSvσ−−−−→
⊕
vσ∈Vk
(Q[stvσDk(∆)]/ΘSvσ )2i
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Proposition 3.12 implies that the upper horizontal map is an injection for i 6 k,
so the left vertical map is also an injection for i 6 min{k, ⌊d/2⌋}. When d is even
and k = d/2, this is an equivalent condition for ω to be a WLE. 
Remark 4.6. For an odd-dimensional rational homology (d−1)-sphere ∆, Corol-
lary 4.4 says that if Dd/2−1(∆) has the WLP then so dose ∆. However, it seems
that we can only get the WLP of Dd/2(∆) from Theorem 4.5.
Compare the last statement of Theorem 4.5 with the result in [23], which says
that the barycentric subdivision of an odd-dimensional Cohen-Macaulay complex
has the WLP.
Corollary 4.7. Let ∆ be a rational homology (d−1)-sphere. Then the g-conjecture
holds for D⌈d/2⌉(∆) and D⌊d/2⌋(∆).
Theorem 4.8. In the notation of Proposition 3.14, if k > ⌈d−1
2
⌉, then for any
∆′ ∈ S(∆,Ak), there exists a linear form ω ∈ Q[∆
′] such that the map
·ω : (Q[∆′]/Θ′)2i−2 → (Q[∆
′]/Θ′)2i
is an injection for i 6 min{d − k, ⌊d/2⌋}. Especially, if d is even, and k = d/2,
then there is a WLE for Q[∆′]/Θ′.
Proof. By Proposition 3.14, we have an injection
(Q[∆′]/Θ′)2i →
⊕
16j6hk
(Q[stvσj∆
′]/Θ′)2i for i 6 d− k − 1.
Since lkvσj∆
′ is a (d − 2)-sphere, and has the form ∂σj ∗ L, it follows that if
dim σj = k > ⌈
d−1
2
⌉, there is a WLE for Q[stvσj∆
′]/Θ′ by Lemma 4.1. The same
reasoning as in the proof of Theorem 4.5 gives the desired result. 
Corollary 4.9. Let ∆ be a rational homology (d−1)-sphere. Then the g-conjecture
holds for any ∆′ ∈ S(∆,A⌈d/2⌉) or S(∆,A⌊d/2⌋).
5. Toric spaces associated to Buchsbaum complexes
In this section, we consider toric spaces associated to rational Buchsbaum com-
plexes. This class of simplicial complexes plays a significant role in algebraic com-
binatorics and includes rational homology manifolds as a special subclass. We start
with some general results about the cohomology properties of toric spaces by the
D-J construction.
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5.1. A decomposition of toric spaces. In this subsection, ∆ is an arbitrary
simplicial complex of dimension d− 1, and M∆ =M(∆,Λ) is a toric space associ-
ated to ∆. As we have seen in 2.7, M∆ is the quotient space C∆×T
d/ ∼. So, M∆
is the union of two spaces:
M∆ = (C∆× T
d) ∪∆×T d (I ×∆× T
d/ ∼), (5.1)
where I = [0, 1], with the relation ‘∼’ defined on {0} × ∆′ × T d and the gluing
identity map defined on {1} ×∆× T d. So we have a long exact sequence
· · · → H∗(M∆, I ×∆× T
d/ ∼)
j∗
−→H∗(M∆)
i∗
−→ H∗(I ×∆× T d/ ∼)
∂
−→ H∗+1(M∆, I ×∆× T
d/ ∼)→ · · ·
(5.2)
By excision and the fact that (C∆× T d)/(∆× T d) = Σ∆ ∧ T d+, we have
H∗(M∆, I ×∆× T
d/ ∼) ∼= H∗(C∆× T d,∆× T d) ∼= H˜∗(Σ∆)⊗H∗(T d).
Lemma 5.1. In the above natation, we have Im j∗ · H˜∗(M∆) = 0
Proof. Consider another long exact sequence
· · · → H∗(M∆, C∆× T
d)
f∗
−→ H∗(M∆)
g∗
−→ H∗(C∆× T d)
∂
−→ H∗+1(M∆, C∆× T
d)→ · · ·
Since T d is contractible in M∆, H
k(M∆)
g∗
−→ Hk(C∆ × T d) is a zero map for
k > 0. Exactness of the sequence then implies that H∗(M∆, C∆×T
d)
f∗
−→ H˜∗(M∆)
is onto. On the other hand, from the definition of cup product, we can see that
j∗(α) ` f ∗(β) = 0 for any α ∈ H∗(M∆, I×∆×T
d/ ∼) and β ∈ H∗(M∆, C∆×T
d).
Thus, the lemma is proved. 
Lemma 5.2. For any nonempty face σ ∈ ∆, the following composition is zero.
H∗(M∆, I ×∆× T
d/ ∼)
j∗
−→ H∗(M∆)→ H
∗(Mσ),
where Mσ ⊂M∆ is the toric space defined in §3.1.
Proof. The composition in the lemma is the same as the composition
H∗(M∆, I ×∆× T
d/ ∼)→ H∗(Mσ, I × stσ∆× T
d/ ∼)→ H∗(Mσ).
The middle relative cohomology is isomorphic to the reduced cohomology of
(C(stσ∆)× T
d)/(stσ∆× T
d) = Σ(stσ∆) ∧ T
d
+ ≃ pt.
The right homotopy equivalent follows from the fact that stσ∆ is contractible.
Hence this composition factors through a zero term, and so itself is zero. 
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5.2. Cohomology of toric spaces associated to Buchsbaum complexes. In
this subsection, we will give topological proofs of several fundamental algebraic
results about Buchsbaum complexes.
Lemma 5.3. Suppose ∆ is a Buchsbaum complex. Let ∆ × T d = {0} ×∆ × T d,
and π : ∆× T d → ∆× T d/ ∼ the quotient map in the definition of M∆. Then the
following composition is zero for any q > p > 0.
Hp+q(∆× T d/ ∼;Q)
π∗
−→ Hp+q(∆× T d;Q)→ Hp(∆;Q)⊗Hq(T d;Q).
Since the proof of Lemma 5.3 needs more complicated topological arguments,
we put it in Appendix A.3.
Corollary 5.4. In the notations of the discussion preceding Lemma 5.1, if ∆ is
Buchsbaum, then the restriction of j∗ to the cohomology subgroup⊕
q>p
H˜p(Σ∆;Q)⊗Hq(T d;Q) ⊂ H∗(M∆, I ×∆× T
d/ ∼;Q)
is an injection.
Proof. The statement of Lemma 5.3 is equivalent to saying that the cohomology
subgroup
⊕
q>p H˜
p(Σ∆;Q) ⊗ Hq(T d;Q) is not in the image of the boundary ho-
momorphisms ∂ in the sequence (5.2). So exactness of the sequence gives the
result. 
Recall the following fibration in the proof of Proposition 2.22
T d → ETm ×Tm−d Z∆ → ET
m ×Tm Z∆,
where T d is the torus associated to an l.s.o.p. Θ = {θ1, . . . , θd} for Q[∆]. For the
Serre spectral sequence of this fibration, the E2-term, as we have seen in the proof
of Proposition 2.22, is
E2 = Q[∆]⊗ Λ[v1, . . . , vd], d2(vi) = θi.
For the E3-term, we have the following result.
Lemma 5.5. If ∆ is a Buchsbaum complex, then the E3-term of the rational Serre
spectral sequence of the above fibration is Ep,q3 = 0 if p is odd, and
dimE2p,q3 =


(
d
p+q
)
β˜p−1(∆) for q > 0,
hp(∆)−
(
d
p
)∑p−1
i=1 (−1)
iβ˜p−i−1(∆) for q = 0.
We will prove this lemma by using a double complex argument, whose calculation
is due to Adiprasito [1, Lemma 3.4 and Proposition 3.9]. Note that the formula
for E2p,03 is just Schenzel’s formula (Theorem 2.4).
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Proof of Lemma 5.5. Viewing {Ui := sti∆}i∈F0(∆) as a open cover of ∆, for a subset
σ = {i1, . . . , ik} ⊂ [m], let Uσ denote the intersection Ui1 ∩ · · · ∩ Uik . It is easy to
see that Uσ 6= ∅ if and only if σ ∈ ∆, in which case Uσ = stσ∆. For each stσ∆,
define a differential graded algebra
L∗(stσ∆) := (Q[stσ∆]⊗ Λ[v1, . . . , vd], d), dvi = θi, dxi = 0;
deg vi = −1, deg xi = 0.
Particularly, when σ = ∅, we briefly write L∗(∆) as L∗. Note that L∗(stσ∆)
as a Q[m]-module has another even internal grading which is preserved by the
differential. We will denote this grading by subscript.
Consider the double complex
(R∗, D) =
⊕
k
Rk =
⊕
k
⊕
p−q=k
(Rp,−q, d, δ),
Rp,−q =
⊕
σ∈Fp−1(∆)
(L−q(stσ∆), d), D = δ + (−1)
pd,
where δ is the Cˇech coboundary operator. There are two spectral sequences con-
verging to the total cohomology H∗(R∗, D). One spectral sequence starts with
IE1 = Hδ and
IE2 = HdHδ, and another with
IIE1 = Hd and
IIE2 = HδHd.
By Hochster’s theorem (unpublished, see [31, Stanley Theorem II.4.1]), we have
IEp,−q1 = H˜
p−1(∆;Q)⊗ Λ−q[v1, . . . , vd].
Since Hp−1(∆;Q) has zero Q[m]-module degree, IE1 collapses at the E1-term. This
implies that
(H−k(R∗, D))2i =
(
d
i
)
H˜ i−k−1(∆;Q). (5.3)
Since ∆ is a Buchsbaum complex, Theorem 2.2 (c) implies that stσ∆ is Cohen-
Macaulay for each σ 6= ∅. Hence, for the second spectral sequence, we have
IIEp,−q1 = 0 for p, q > 0, and
IIEp,01 =
⊕
σ∈Fp−1(∆)
Q[stσ∆]/Θ for p > 0.
It follows that this spectral sequence collapses at the E2-term, and so H
k(R∗, D) =⊕
p−q=k
IIEp,−q2 . The E1-term also tells us that
IIE0,−q1 =
IIE0,−q2 for q > 0, and
IIE0,−q2 = H
−q(R∗, D) for q > 0.
(5.4)
An easy calculation shows that the E3-term of the Serre spectral sequence in the
lemma is just E2p,q3 = (
IIE0,−q1 )2p+2q. Combining this with formula (5.3) and (5.4),
we get the desired dimension of E2p,q3 for q > 0.
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It remains to consider E2p,03 . Note that L
∗
2k is a subcomplex of L
∗ since the
internal grading is preserved by the differentials. Moreover, for each k and i,
L−i2k is a finite dimensional vector space over Q, so we can calculate the Euler
characteristic of L∗2k:
χ(L∗2k) =
∑
06i6d
(−1)i dimQL
−i
2k =
∑
06i6k
(−1)i dimQL
−i
2k .
Recall the Hilbert series of Q[∆] is
F (Q[∆], λ) =
h0 + h1λ
2 + · · ·+ hdλ
2d
(1− λ2)d
= 1 + a1λ
2 + a2λ
4 + · · ·
It follows that χ(L∗2k) =
∑k
i=0(−1)
i
(
d
i
)
ak−i. A straightforward calculation shows
that this number is equal to the coefficient of λ2k in the expansion of the polynomial
(1− λ2)d(1 + a1λ
2 + a2λ
4 + · · · ),
which is just hk.
On the other hand, we can also compute χ(L∗2k) in terms of the cohomology of
L∗, i.e.,
χ(L∗2k) =
∑
06i6k
(−1)i dimQH
−i(L∗, d)2k.
Since χ(L∗2k) = hk and H
−i(L∗, d)2k = E
2k−2i,i
3 , we can immediately get the desired
expression of E2k,03 from the above calculation of E
2k,>0
3 . 
Now we can give the cohomology of toric spaces associated to Buchsbaum com-
plexes.
Theorem 5.6. Let ∆ be a Buchsbaum complex, Θ an l.s.o.p. for Q[∆]. Then for
the associated toric space M∆, we have
Hk(M∆;Q) ∼=
⊕
2p+q=k
E2p,q3 ,
where E2p,q3 is given by Lemma 5.5. The ring structure of H
k(M∆;Q) is given by
H∗(M∆;Q) ∼= R⊕Q[∆]/Θ, R
k =
⊕
q>0, 2p+q=k
(
d
p+q
)
H˜p−1(∆;Q),
where R has trivial multiplication structure.
Proof. According to Theorem 2.23 and lemma 5.5, it is equivalent to prove that
E3 = E∞ in the Serre spectral sequence of the fibration in Lemma 5.5.
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For each vertex {i} ∈ [m], there is an inclusion Xi = Zsti∆×T
m−ji ⊂ Z∆, where
ji = #F0(sti∆), and we have a Serre fibration map:
T d // ETm ×Tm−d Xi //
ϕi

ETm ×Tm Xi

T d // ETm ×Tm−d Z∆ // ET
m ×Tm Z∆
ϕi induces a morphism of cohomology ϕ
∗
i : H
∗(M∆) → H
∗(Mi) (after an isomor-
phism given by Theorem 2.23). Since the Serre spectral sequence construction is
functorial, ϕi also induces a morphism Er
ϕ∗i,r
−−→ iEr of Serre spectral sequences.
Let IIEr be the spectral sequence defined in the proof of Lemma 5.5, Φr =⊕m
i=1 ϕ
∗
i,r. Then for the E3-term of the Serre spectral sequence, the map Φ
2p,q
3 is
just the differential d1 :
II(E0,−q1 )2p →
II(E1,−q1 )2p. So from (5.3) and (5.4), we have
KerΦ2p,q3 = E
2p,q
3 for q > 0, and
KerΦ2p,q3 =
II(E0,−q2 )2p+2q =
(
d
p+q
)
H˜p−1(∆;Q) for q > 0.
(5.5)
It follows that dimKerΦ3 =
∑d
p,q=0
(
d
p+q
)
β˜p−1(∆).
On the other hand, combining Lemma 5.2 and Corollary 5.4 with the fact that
Φ∞ =
⊕m
i=1 ϕ
∗
i , we can get that
dimKerΦ∞ > dim Im j
∗ >
d∑
p,q=0
(
d
p+q
)
β˜p−1(∆).
However, since sti∆ is Cohen-Macaulay, iE3 = iE∞, which implies that
dimKerΦ∞ 6 dimKerΦ3 =
d∑
p,q=0
(
d
p+q
)
β˜p−1(∆).
Hence these two inequalities shows that KerΦ3 = KerΦ∞, and therefore E
2p,>0
3
survives to E∞ by formula (5.5), but this already implies that the Serre spectral
sequence collapses at the E3-term.
It remains to see the ring structure ofH∗(M∆;Q). It is clear thatE
∗,0
3 = Q[∆]/Θ.
So we can define R = E∗,>03 . Lemma 5.2 shows that KerΦ3 ⊂ Im j
∗, and formula
(5.5) shows that E∗,>03 = KerΦ
∗,>0
3 . Thus the cohomology ring formula follows
immediately from Lemma 5.1. 
Remark 5.7. Note that the two inequalities in the proof of Theorem 5.6 also
implies that KerΦ3 = Im j
∗, where j∗ is the map in the exact sequence (5.2).
36 F. FAN
From the proof of Theorem 5.6, we can get an interesting result about the socle
of a Buchsbaum complex over Q, which was initially obtained by Novik and Swartz
[26] for any infinite field k.
Proposition 5.8 ([26, Theorem 2.2]). Let ∆ be a Buchsbaum complex, Θ an
l.s.o.p. for Q[∆]. Then
dimSoc(Q[∆]/Θ)2p >
(
d
p
)
β˜p−1(∆).
Proof. In formula (5.5), we have KerΦ2p,03 =
II(E0,02 )2p =
(
d
p
)
H˜p−1(∆;Q). Since
KerΦ3 = Im j
∗, by using Lemma 5.1 and Theorem 5.6 we get that KerΦ2p,03 ⊂
Soc(Q[∆]/Θ)2p, and so the inequality in the proposition holds. 
5.3. Toric spaces associated to rational homology manifolds. In this sub-
section, ∆ is a rational homology manifold without boundary. As we have shown,
the toric space M∆ is not a rational homology manifold unless ∆ is a rational
homology sphere. However, if we look at the local topology of M∆ in the D-J con-
struction, we can see that an open neighbourhood of a point x ∈M∆ − {∗} × T
d,
where ∗ is the cone point in C∆, is the same as the case that ∆ is a rational
homology sphere. So M∆ − {∗} × T
d is an open manifold, and the subspace
I ×∆× T d/ ∼⊂ M∆ (see (5.1)) is a compact manifold with boundary {1}×∆×T
d.
Moreover, if ∆ is Q-orientable, then so is I ×∆× T d/ ∼. The following result on
its own is interesting in toric topology.
Theorem 5.9. Let ∆ be a (d−1)-dimensional connected simplicial complex. For j∗
in (5.2), let I =
⊕d−1
k=1(Im j
∗)2k. If ∆ is an orientable rational homology manifold
without boundary, then the quotient algebra
A = H∗(M∆;Q)/I
is a Poincare´ duality algebra.
Proof. Since ∆ is connected and orientable, it follows from Lemma 5.5 and The-
orem 5.6 that the top cohomology group of M∆ is H
2d(M∆) = Q. So it suffices
to show that for any 0 6= α ∈ A2k with k < d, there exists β ∈ A2d−2k, such that
βα 6= 0.
Let M1 = C∆ × T
d, M2 = I ×∆× T
d/ ∼ in the decomposition formula (5.1).
Consider the following commutative diagram:
H2d−2k(M∆,M1)⊗H
2k(M∆)
∼= i∗

i∗

`
// H2d(M∆,M1)
∼= i∗

H2d−2k(M2, ∂M2)⊗H
2k(M2)
`
// H2d(M2, ∂M2)
(5.6)
The vertical isomorphisms come from excision.
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Suppose α ∈ H2k(M∆) with k < d, such that its image is not zero in A2k, i.e.,
α 6∈ Im j∗, then by the exactness of (5.2), 0 6= i∗(α) ∈ H2k(M2). Since M2 is an
orientable manifold with boundary, the Lefschetz duality of (M2, ∂M2) tells us that
there exists β ∈ H2d−2k(M2, ∂M2) such that β ` i
∗(α) 6= 0. Let β ′ = (i∗)−1(β).
Diagram (5.6) shows that β ′ ` α 6= 0. Clearly the map f ∗ : H2d(M∆,M1) →
H2d(M∆) is an isomorphism. So f
∗(β ′) ` α = f ∗(β ′ ` α) 6= 0, and we get the
desired element f ∗(β ′). 
Remark 5.10. Suppose [M∆] is a generator of H2d(M∆;Q) ∼= Q. Then for a face
monomial xσ ∈ A, we have
[M∆] a xσ = Q · (ρσ)∗([Nσ]),
where [Nσ] is the rational fundamental class of Nσ. This can be proved in the same
way as Lemma 3.4.
In §5.2 we have already seen that if ∆ is a Buchsbaum complex, KerΦ3 = Im j
∗,
R = KerΦ∗,>03 and Soc(Q[∆]/Θ)2k ⊃ KerΦ
2k,0
3 =
(
d
k
)
H˜k−1(∆;Q). So Theorem 5.9
implies that if ∆ is an orientable rational homology manifold, then
dimSoc(Q[∆]/Θ)2k =
(
d
k
)
β˜k−1(∆),
dimA2k = hk(∆)−
(
d
k
) k−1∑
i=0
(−1)iβ˜k−i−1(∆), and
A ∼= Q[∆]/(Θ + I), where I =
d−1⊕
k=1
Soc(Q[∆]/Θ)2k.
So in fields of characteristic zero, Theorem 5.9 is a topological explanation of
the following important result of Novik and Swartz:
Theorem 5.11 ([25]). Let ∆ be a (d−1)-dimensional connected simplicial complex,
k an infinite field. If ∆ is an orientable k-homology manifold without boundary,
then for any l.s.o.p. Θ for k[∆].
dimSoc(k[∆]/Θ)2i =
(
d
i
)
β˜i−1(∆;k).
Moreover, let I =
⊕d−1
i=1 Soc(k[∆]/Θ)2i, then k[∆]/(Θ + I) is a Poincare´ duality
k-algebra.
Appendix A. Some topological facts about toric spaces
A.1. Proof of Theorem 2.23. The cohomology with coefficients in Q will be
implicit throughout the proof. First, we consider the case that Λ : Zm → Zd is
onto. In this case, M(∆,Λ) = Z∆/T
m−d, where Tm−d is the kernel of the tori map
expΛ : Tm → T d. Using the notation in subsection 2.4, we have a Tm-subspace
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Bσ ⊂ Z∆ for each σ ∈ ∆. By definition, if dim σ = k − 1, Bσ = (D
2)kσ × T
m−k
[m]\σ.
Let
Cσ = {(z1, . . . , zm) ∈ (D
2)m : zi = 0 for i ∈ σ}.
Then Cσ ∼= T
m−k is a Tm-invariant subspace of Bσ. Since Cσ is a deformation
retract of Bσ, Cσ/T
m−d = T d−k is a deformation retract of Bσ/T
m−d. It follows
that the composition Tm−d → Bσ → Bσ/T
m−d induces an isomorphism
H∗(Bσ) = H
∗(Bσ/T
m−d)⊗H∗(Tm−d).
On the other hand, applying the Leray-Hirsch theorem to the fiber bundle
Tm−d → ETm ×Bσ → ET
m ×Tm−d Bσ, we get that
H∗(ETm × Bσ) = H
∗(ETm ×Tm−d Bσ)⊗H
∗(Tm−d).
Hence we have an isomorphism
p∗σ : H
∗(Bσ/T
m−d)→ H∗(ETm ×Tm−d Bσ),
which is induced by the restriction pσ : ET
m ×Tm−d Bσ → Bσ/T
m−d of p.
Now we can get the desired cohomology isomorphism by double induction on the
number of facets of ∆ and dim∆. We proceed the inductive argument by applying
Mayer-Vietoris sequences, and the base of the induction is given above.
For the general case that M(∆,Λ) = Z∆/(T
m−d × G), consider the quotient
map π : Z∆/T
m−d → M(∆,Λ). We only need to show that π∗ : H∗(M(∆,Λ)) →
H∗(Z∆/T
m−d) is an isomorphism. Note that the G-action on Z∆/T
m−d extends to
a toral action. Thus, H∗(Z∆/T
m−d) is fixed under the induced G-action. Recall
the classical result for a finite G-action: G×X → X , that is
π∗ : H∗(X/G;Q)→ H∗(X ;Q)G := {x ∈ H∗(X ;Q) : gx = x}
is a ring isomorphism (see for example [6]). Then the theorem follows. 
A.2. Algebraic model for cellular cochains. In this subsection, we prove the
promised statement in the proof of Lemma 3.4. That is, for a (k − 1)-face σ ∈
∆, the monomial xσ ∈ Q[∆]/Θ = H
∗(M∆;Q) is, up to multiplication by an
integer, represented by a cocycle e˜∗σ ∈ C
2k(M∆;Q). First, we need to know the
algebraic models for the cellular cochain algebras C∗(Z∆), C
∗(ETm), C∗(BTm),
C∗(ETm ×Tm Z∆), etc.
Recall that in [10, §4.5], S∞ is given a cell decomposition with one cell in each
dimension; the boundary of an even cell is the closure of an odd cell, and the
boundary of an odd cell is the 0-cell. Thus, the cellular cochain complex of S∞
can be identified with the Koszul algebra
Λ[y]⊗ Z[u], deg y = 1, deg u = 2, dy = u, du = 0.
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Similarly, CP∞ has a cell decomposition with one cell in each even dimension, and
C∗(CP∞) can be identified with the polynomial algebra Z[u]. It follows that the
cochain homomorphism C∗(BTm)→ C∗(ETm) induced by the universal principal
Tm-bundle ETm → BTm has an algebraic model of the form
Z[u1, . . . , um]→ Λ[y1 . . . , ym]⊗ Z[u1, . . . , um].
On the other hand, recall the Koszul complex (Λ[y1 . . . , ym]⊗Z[∆], d) of the face
ring defined in subsection 2.5. It is an algebraic model of C∗(Z∆). Precisely, the
cochain map
Λ[y1 . . . , ym]⊗ Z[∆]→ C
∗(Z∆), yi 7→ t
∗
i ; xi 7→ e
∗
i
induces an isomorphism in cohomology. It follows that the differential graded
algebra
R = Z[u1, . . . , um]⊗ Λ[y1 . . . , ym]⊗ Z[∆], dyi = ui − xi
is an algebraic model of C∗(ETm×Tm Z∆) (see for example [24, Theorem 12.6.1]).
This has the consequence that for a (k−1)-face σ ∈ ∆, the monomial xσ ∈ Z[∆] =
H∗(ETm ×Tm Z∆) can be represented by the cocycle
(pt, eσ)
∗ ∈ C2k(ETm ×Tm Z∆).
Now consider the fibration sequence
ETm−d ×Tm−d Z∆
i
−→ ETm ×Tm Z∆
π
−→ BT d.
From the proof of Proposition 2.22 we know that the fiber inclusion map i induces a
homomorphism of rational cohomology i∗ : Q[∆] → Q[∆]/Θ. Since i∗((pt, eσ)
∗) =
(pt, eσ)
∗, xσ ∈ Q[∆]/Θ = H
∗(ETm−d×Tm−d Z∆;Q) can also be represented by the
cocycle
(pt, eσ)
∗ ∈ C2k(ETm−d ×Tm−d Z∆;Q).
On the other hand, for the ‘orbit cell’ e˜σ, the cellular cochain e˜
∗
σ ∈ C
2k(M∆)
satisfies that p∗(e˜∗σ) = (pt, eσ)
∗ up to multiplication by an integer, where p :
ETm−d ×Tm−d Z∆ → M∆ is the quotient map. Since p
∗ is an isomorphism on
rational cohomology by Theorem 2.23, the assertion follows.
A.3. Proof of Lemma 5.3. Let ∆′ be the barycentric subdivision of ∆. Re-
call that the relation ‘∼’ in ∆ × T d/ ∼ is defined by means of the polyhedral
decomposition
∆′ =
⋃
i∈F0(∆)
sti∆
′.
Thus, U = {Ui := sti∆
′ × T d/ ∼}i∈F0(∆) can be viewed as an ‘open’ cover of
∆× T d/ ∼. For a subset σ = {i1, . . . , ik} ⊂ [m], let Uσ denote the intersection
Ui1 ∩ · · · ∩ Uik . There are some obvious facts:
(i) Uσ 6= ∅ if and only if σ ∈ ∆.
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(ii) For σ ∈ ∆, Uσ is a toric space associated to the geometric realization of the
poset ∆>σ = {τ ∈ K : τ > σ}. This geometric realization, which we denote by
Lσ, is a subcomplex of ∆
′ and combinatorially equivalent to lkσ∆. Precisely,
Uσ = Fσ × T
d−|σ|/ ∼,
where Fσ ⊂ ∆
′ is the geometric realization of the poset ∆>σ as defined in §2.4,
T d−|σ| = T d/(Ti1 × · · · × Tik).
Now consider the Cˇech double complex
(K∗, d) =
⊕
k
Kk =
⊕
k
⊕
p+q=k
(Kp,q, ∂, δ),
Kp,q =
⊕
σ∈Fp(∆)
Cq(Uσ, ∂;Q), d = δ + (−1)
p∂,
where C∗(Uσ, ∂;Q) is the rational cellular cochain complex of Uσ and δ is the
Cˇech coboundary operator. There are two spectral sequences converging to the
total cohomology H∗(K∗, d). One spectral sequence starts with IE1 = Hδ and
IE2 = H∂Hδ, and another with
IIE1 = H∂ and
IIE2 = HδH∂. (The second one is
also known as the Mayer-Vietoris spectral Sequence.)
Since U is an open cover,
IE1 =
IE0,∗1 = C
∗(∆× T d/ ∼, ∂;Q).
Hence, the first spectral sequence collapses at the E1-term and therefore
H∗(K∗, d) ∼= H∗(∆× T d/ ∼;Q).
For the second spectral sequence, we have IIEp,q1 = 0 for q odd, and
IIEp,2q1 =
⊕
σ∈Fp
H2q(Uσ;Q).
This is because Uσ is a toric space associated ot Lσ, which is a Cohen-Macaulay
complex by the assumption that ∆ is a Buchsbaum complex.
It follows from Appendix A.2 that a cohomology class of H2q(Uσ;Q) can be
represented by the cellular cochain
∑
k̺e˜
∗
̺, where ̺ ∈ Lσ is a simplex of the form
̺ = (σ1 < · · · < σq) with σi ∈ ∆>σ, e˜
∗
̺ is the ‘orbit cell’ corresponding to the cell
e̺ = e
2
σ1
× · · · × e2σq ⊂ ZLσ . An easy topological observation shows that e̺ is the
image of (σ < σ1 < · · · < σq)× T
q
̺ under the quotient map Fσ × T
k → ZLσ , where
k = |F0(Lσ)|. Hence,
e˜̺ = π((σ < σ1 < · · · < σq)× T
q
̺ ), where π : Fσ × T
d−|σ| → Uσ.
Since IIE∞ ∼= H
∗(∆× T d/ ∼;Q), and the above analysis shows that an element
α ∈ IIEp,2q∞ is represented by the linear combination of the dual orbit cells e˜
∗
̺ with
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̺ ∈ Fq−1(Lσ) for some σ ∈ Fp(∆), a diagram chasing in the double complex K
∗,∗
shows that α is represented by a cocycle β ∈ Cp+2q(∆′ × T d/ ∼) of the form
β =
∑
τ∈Fp+q(∆′)
kτ c˜
∗
τ , where c˜τ ⊂ ∆
′ × T d/ ∼ has the form
c˜τ = π((τ1 < · · · < τp < σ < σ1 · · · < σq)× T
q
̺ ).
So π∗(β) ∈ Hp+q(∆′;Q)⊗Hq(T d;Q), and therefore lemma 5.3 holds. 
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